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| PREFACE '

The ongoing Global Pandemic Covid-19 that has engulfed the entire world has changed every
sphere of our life. Education, of course is not an exception. In the absence and disruption of Physical
Classroom Teaching, Department of Intermediate Education Telangana has successfully engaged the
students and imparted education through TV lessons. In the back drop ofthe unprecedented situation
due to the pandemic TSBIE has reduced the burden of curriculum load by considering only 70%
syllabus for class room instruction as well as for the forthcoming Intermediate Examinations. It has also

increased the choice of questions in the examination pattern for the convenience of the students.

To cope up with exam fear and stress and to prepare the students for annual exams in such a
short span of time , TSBIE has prepared “Basic Learning Material” that serves as a primer for the
students to face the examinations confidently. It must be noted here that, the Learning Material is not
comprehensive and can never substitute the Textbook. At most it gives guidance as to how the students
should include the essential steps in their answers and build upon them. I wish you to utilize the Basic
Learning Material after you have thoroughly gone through the Text Book so that it may enable you to
reinforce the concepts that you have learnt from the Textbook and Teachers. I appreciate ERTW
Team, Subject Experts, who have involved day in and out to come out with the Basic Learning Material

in such a short span of time.

I'would appreciate the feedback from all the stake holders for enriching the learning material

and making it cent percent error free in all aspects.

The material can also be accessed through our websitewww.tsbie.cgg.gov.in.

Commissioner & Secretary

Intermediate Education, Telangana.
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Unit 1

\ Circle |

Definition : A circle is a set of points in a plane such that they are equidistant from a fixed point lying in

the plane.

P C is the centre, CP = radius

The fixed point is called the centre and the distance from the centre to any point on the circle

is called the radius of the circle.
A B
AB=2CB=(2 x radius) is called the diameter of the circle

The equation of the circle with centre (@, b) and radius 7 is (x —a)* + (y — b)* = r?

Ifthe centre (@, b) is origin, i.e., (@, b)=(0, 0) , then the equation of the circle with radiusis

xZ + y2 — r2
y
AN
° The standard equation or General equation of circle is x> +)? + 2gx + 2fy + ¢ =0 whose
centre is (— g, —f), radius =r=,/g* + /> —¢
° The equation of the circle whose extremities of diameter are &, y,) and (x,, y,) is

(x_xl) (x_x2)+()’_y1)(y_y2)=0
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° The parametric equations of the circle are
x=x +rcosb
y=y trsinb
Where (x, y,) = centre and r = radius of the circle,
0 is the parameterand 0 < 0 <27

Note : The parametric equations of a circle describe the coordinates of a point &, y) on the circle in

terms of a single variable ‘0’ and ‘0’ is called as parameter.
° So any point on the circle is given by
(x, y)=(x, + rcos 0,y +rsin0) = ‘point ’
called as ‘point®’ where (x , y,) is the centre and ‘7’ is the radius of the circle
° The parametric equations of the circle S =x* + y? + 2gx + 2fy + ¢ =0 are
x=-—g+rcos9

y=—f+rsin0

Where r:«/g2+f2—c

Any ‘point0’ on the circle is ‘point®’ = (x, y)
=(—g+rcos0,—f+rsin0)
° The parametric equations of a circle with centre origin and radius ¥’ is
x=rcosH
y=rsinb, 0<06<2m
° The second order non - homogeneous equation inx and y, that is
ax* + 2hxy + by* + 2gx + 2fy + ¢ = 0 represents a circle iff
6) a=b+#0 (coeff of x2 = coeff of y?)
(i1) h=0 (coeffofxy is zero)
@ g+f*—ac>0
Notation
S=x2+)?+2gx+2fy+c¢
S, =xx +tyy +tg+x)+f(y+y)+tc

Sy =Xy 2gx 2y + e
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S,=x, %ty y, g +x) T/ +y)tc
S, =S,
S, =x7+y’+2gx, +2fy,+c
S
Note: S, :%xl’yl) = l(%)ﬁ)
S S
G :%Cz’yz) B %cl,yl)
So,  S=0represents a circle
S=0means x> +)*+2gx +2fy+c=0
) Let the circle x> +)? +2gx +2fy +¢=0 ... (1) Ny
pass through origin (0, 0)
= (0, 0) should satisfy (1)
(0, 0) is a point on the circle
= 02+ 02+2g(0)+2f(0)+c=0 (0,0) .
N~ — “x
= c=0

The circle passing through origin is of the formx? +)? + 2gx +2fy =0

Ifthe centre of the circlex? +)? +2gx + 2fy+ ¢ =0 lies on x - axis then (-g, —f) lies on x - axis

= because every point on X - axis have its y - coordinate as zero

N

y

(e

B

Ifthe centre of the circle x* +)* +2gx + 2fy + ¢ =0 lies

on y - axis then (—g, —f) lies on y - axis.=

because every point on y - axis have its x coordinate as

Z€ro.
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Two or more circles are said to be concentric if their centres are same.

Note : The equation of any circle concentric with the circle
x* +)2+2gx +2fy +c=0is of the form x> +)? + 2gx + 2fy + ¢' =0

where ¢! is a constant. Their centres are same.
If the radius of the circle is one, then it is called as unit circle.

Ifthe circle intersectsx - axis at ‘P’ and ‘Q’ then the distance PQ is called asx - intercept made

by the circle onx - axis.

Ifthe circle intersects y - axis at ‘M’ and ‘N’ then the distance MN is called asy - intercept made
by the circle ony - axis

y

/N

N

/Z/\<
2
%

o

ya
Ay

P\\/Q ?%
M M

\% \%

PQis x - intercept MN is y - intercept
If (¢* — ¢) > 0, then the intercept made on the x-axis by the circle x> +)? +2gx +2fy+c¢=0

is 24/g*—c .

- PQ=2\g’-c¢

X - intercept = length of chord PQ = DistancePQ = 2./g’ —¢

If the x - axis touches the circle, then P and Q coincide i.e., length of chord PQ is zero or

x-intercept is zero

2{g’—c=0 = g’—c=0

.. The condition for the circle x> + y* + 2gx + 2fy + ¢ = 0 to touch the
X-axisisg?—c=0org’=c

If (f*—c¢) > 0, then the intercept made on the y - axis by the circle

¥+ +2gx+2f+c=0is 2,/ f*—¢
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MN = 24> —c

y - intercept =2/ —c¢
° Ifthe y - axis touches the circle then M and N coincide, the length of chord MN is zero
ory - interceptis zero = 2,/ f*—c =f*—c=0

.. The condition for the circle x* + )2 + 2gx + 2fy + ¢ =0 to touch the

y-axisisf?—c=0orf*=c.

) )
N N
L]
L]

& - AN & N
® (6] 7 X N 0 7 X

A\ A4
circle touches x - axis = g>=c¢ circle touches y - axis = f?=c¢

Definition :

If Aand B are two distinct points on a circle, then
@) The line AB through A and B is called a secant.
(i1) The segment AB is called a chord. The length of the chord is denoted by AB .

Ny
Secant
Z N
0 X
%
Notation :
LetP (x, )

If S=x*+)?+2gx+2fy+tc=0

then S =xx +yy tgk+tx)+f@+y)tc
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Example:If S=x*+)?+3x-5y+9, (x, y)=(=2,3)

Then S, =x (-2) +y(3) + %(x—2)—§(y+3)+9 [ 2g=3,2f=-5]

- Sy+15
3x=6 (5y )+9
2
_ —4x+6y+3x—6-5y—15+18
2

=-2x+3y+

-x+y-3
==
Sy =Xy 2gxn 2y e
S,, for the above circle is ‘S’ value at (x , y,)
S, = (2 +3+3(-2)-53)+9
=44+9-6-15+9=1
So, S, is a first degree expression inx & y.

S, is areal number.

° Important Note : While writing S or S, first write S = 0 in the standard form i.e., if the
o 2, 2 4 5 T
circleis 3x*> + 3)? +4x+5y+7=0thenS=x"+y +§x+§y+§.
2 5 7
S,= X% Yyt (x+x)+ < (y+n)+ 3
° Position of a point with respect to a circle
LetS=x>+)?+2gx+2fy+c=0beacircle inaplane and Px, y,) be any point in the same
plane.
Then
@) P(x,, y,) lies in the interior of the circle, < S, <0
(i1) P(x,, y,) lies on the circle, < S, =0
(iii) P(x,, y,) lies in the exterior of the circle, < S, >0
y y y
N N N
°P
P
A >x 5 >x <5 > X
y/ A\
\4

P lies inside the circle < S, <0 P lies on the circle < S,=0 P lies outside the circle < S,>0
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Length of the tangent from P(x,, y,) to the circle

Tangent with respect to a circle is a straight line, which touches the circle at one point.

In the above figure the line PT is a tangent to the circle at T and T is called as the point of contact
of tangent to the circle.

If P is an external point to the circle S =0 where S =x? +)? + 2gx + 2y + ¢, and PT is a tangent
from P(x,, y,) to the circle S =0, then the distance PT is called as the length of the tangent from
P to the circle S=0

Itis given by the formula /S, .
.. PT=Length of tangent from P to the circle S=01s /S, .

Definition

The power of a point P with respect to the circle, whose centre is ‘C’ and radius 7 is defined
as the value = (CP?—7?)

The power of the point P(x , y,) with respect to the circle
S=x*+)y"+2gx+2fy+c=0isS .

Chord, tangent, Normal —> equations in different form.

Chord

IfA(x, y,), B(x,, y,) are two points on the circle S = 0, then the equation of the secantAB or
chord AB is S, +5,=S,
If ‘point O’ =(—g+rcos 0,,—f+rsin 0 ) and ‘point0,” = (g +rcos 0,, -f+rsin ,) are two

points on the circle S =0 wherer = /g? + f? — ¢, then the equation of the chord joining these
two points is

(x+g) cos (91 ;62j+(y+f) sin (61 ;ezj=rcos(%J

The line meets the circle in one and only one point ‘P’ ie, touches the circle.

This line is called as Tangent to the circle at the point ‘P’ on the circle
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N
Tangent at P
N
0 7"
) The equation of tangent, w.r.t the circle S =x? +)? + 2gx + 2fy + ¢ =01is

@) S, =0or xx, +yy +glx+x)+f(+y)+c=0 [pointform]

where (x,, y,) is a point on the circle S=0
(i) y+f=m(x+g)trJl+m’ ,intheslope form

where r = \/g* + f? — ¢ =radius and m is the slope of tangent

(iii) (x + g)cos 0+ (y +f)sinB = r, in the parameteric form

where r=radius = ./ g’ + f* —c and ‘point©’ on the circle is

(~g +rcos 0, —f+rsin0)=(x, y,), 0 is the parameter
° The equation of tangent w.r.t the circle S= x* + )2 —r* =0 s
@) S,=0orxx, +yy, —r*=0where P(x, y,) is a point on the circle
S=x*+y"-r)=0
(i) y=mxzt rm , in the slope form, wherem is the slope of tangent.
(i)  xcosO+ysinO=r inthe parameteric form at point ‘0’ = (r cos 0, 7 sin 0),
on the circle.
Condition for tangency
The condition for a line
L =/Ix + my + n= 0 to touch the circle
S=x*+y*+2gx+2fy +c=01is

radius = perpendicular distance from the centre C to the line L=0
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[(—g)+m(—f)+n
= \/g2+f2—0=‘ ( ) ( - ) ‘isthecondition

+m

Normal: The normal at any point P on the circle, is the line which passes through P and is perpendicular

to the tangent at P.

The equation of normal at P is the equation of the line passing through two points C and P.

) The equation of the normal at P(x, y,) on the circle S =x* +* + 2gx + 2fy + ¢ =01is
the equation of CP [ Centre = (-g, -f) = C, P(x, )]
) Nt S _ . .

e VTN =T g (x—x) [ " (two points form) equation of CP]
1
/y\ Normal at P
/7|
P
L
Tangent at P
N
0 7%

° The length of the chord AB=12./,2 _ 42

where ‘7’ is the radius of the circle and ‘@’ is the length of the perpendicular drawn from the

centre to the chord AB
InAACM, *=d* + (AM)? S
= (AMP?=r2 -

= AM =+/r? —d?

length of chord AB =2AM = 2+/r* —d* ‘
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Chord of Contact, Pole, Polar

PB =PA = Length of tangent drawn from P
=Sy

IfP(x,, y,) is an external point of the circle

St

S =0, then there exists two tangents from P
to the circle S=0.

st

° If © is the angle between the tangents through an external point P(x, y,) to the circle
S= 0, then

P
(x,»)

0
tan (—j = , Where 7 is the radius of the circle
2 V11

° If the tangents drawn through P(x , y,) to the circle
S =0, touch the circle at points A and B, then the
secant AB is called the chord of contact of P with
respect to the circle S=0

° If P(x, y,) 1s an exterior point to the

circle S =0, then the equation of chord
P (x,

)

of contact of P with respect to the circle
S=0is S, =0 thatis

xx, tyy tgx+x)+f+y)te=0

° pole and polar — definition equations

Chord of Contact of P (equation is S, = 0)

° Let S =0 be a circle and P be any point in the plane other than the centre of S =0. Then the
polar of P is the locus of the point of intersection of tangents drawn at the extremities of the

chord passing through P.

Pis called as the pole of the polar.

P(x, »)
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The equation of the polar of P(x , y,) with respect to the circle S=01is S =0

The pole of the line Ix + my + n =0, (n # 0) with respect to the circle x> + )% = a* is

—a’l —a’m
n .’ n

The pole of Ix + my + n= 0 with respect to the circle S=x> + )? + 2gx + 2fy + ¢ =0 1s

—o+ L _ f + m—rz\ . . .
k g lg+mf —n ) Ig +mf — nJ where r 1s the radius of the circle.
The polar of P(x, y,) w.r.t the circle S = 0 passes through Q(x,, y,) <> the polar of Q passes
through P.

Two points Pand Q are said to be conjugate points with respect to the circle S=01if Q lies on
the polar of P. (Then P lies on the polar of Q also)

The condition that the two points P(x , y,) and Q(x,, y,) are conjugate points with respect to
the circle S=0is S, =0

Thatisx x, +y y, + g, +x,) +f(y, +y,) +c=0

If P and Q are conjugate points with respect to the circle S = 0, then the polars of P and Q are

called as conjugate lines with respect to the circle S=0
or

Two straight lines are said to beconjugate lines with respect to the circle S = 0, if the pole of

one line, lies on the other line.

The condition for the lines/ x +m y +n =0and /x +my +n,=0 to be conjugate lines with

respect to the circlex* + y* =a*is a*([, [, + m m,) =n n,

The condition for the lines/ x +m y +n =0and [x +m,y + n,= 0 to be conjugate lines with
respect to the circle S =x*>+)? + 2gx + 2fy + ¢ =0s

P L +mm)=(Ig+mf-n)x(g+mf-n)where p=g>+ f>—¢

Let C be the centre and 7’ be the radius of the circle S = 0. Two points P and Q are said to be
inverse points with respect to the circle S =0, if the points C, P, Q are collinear such that P
and Q are on the same side of C and (CP) x (CQ) =?
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Theorem :

Let ‘C’ be the centre and ‘7’ be the radius of the circle S=0.

Two points Pand Q are inverse points if and only if, Q is the point of intersection of the polar of

Pw.r.tthe circle S =0 and the line joining P and C.

polar of P
° The inverse of the point P with respect to the circle
S =0 is the foot of the perpendiuclar drawn from P and Q are
the centre of the circle S = 0 to the polar of P. ' inverse points
P
Problem
1. Find the inverse point of (-2, 3) with respect to the circlex? +y?>—4x—6y+9=0
Sol: The given circleis S=x*+)*—4x—6y+9=0 .. (1)
comparing with the standard equation we get
2g=4 = g=-2
f=—6= f=-3
c=9
centre = (—g, —f)=(2,3)=C
LetP=(-2,3)
equation of CPis ¥y — ), = yz—:i}l (x - xl)
27X
3-3
= y—3:_2_2(x—2)
= y-3=0 - (2)
The polar of Pis S, =0 where P (x, y) = (-2, 3)
=  xx, tyy —2x+x)-3(+y)+9=0
=  x(2)+y3)-2(x-2)-3(y+3)+9=0
= 2x+3y-2x+4-3y-9+9=0
= 4x+4=0
= 4x+1)=0
= —x+1=0 ..(3)



| Circle | 13

Solving (2) and (3), we get

x=1,y=3
The inverse point of P1s Q= (1, 3)

° IfP(x,, ,) is the midpoint of the chord AB (other than the diameter) of the circle S =0, then the

equation of secant ABis S, =S,

P(x,, y,) is the midpoint of
the chord AB

equation of AB is S, =S,

Thatis,xx, +yy +gx +x)+f(y+y)tc=x>+y>+2gx +2f +c.
° Very important. (learn the derivation)

Show that the combined equation of the pair of tangents drawn from an external point P(x , y,)
to the circle S=0is S*=S.S .

Sol :

5 (x,, ¥,)

P(x,y)
Let A and B be the points of contact of tangents drawn fromP(x , y,) to the circle S=0
Then AB is the chord of contact of P and its equation is S =0.

Le,xx tyy tgx+x)tf(y+y)tc=0
Let Q(x,, y,) be any point on one of the tangents

Now the locus of Q is the equation of the pair of tangents drawn from P.
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The line AB ie, S, =0 divides PQ in the ratio =

! - We know that

PB -S|, L=0
= BA- < . (1)

BQ S,

But PB=,/S,, =length oftangent drawn from P R

BQ=,/S,, =Length oftangent drawn from Q M(x,, ) N(x,, 1)

PB /S,

RO .. (2)

BQ /S ( - L

2 R divides pN in theratio ~ L_“
22
From (1) & (2), we get oSy
et s, T,
S . b h d Sl S112 = 1 Sll
uaring on both sides, wegets =< 2 7 o
q g g S22 S122 S22 SIZZ

= S, =8,-5S,

The locus of Q(x,, y,) is

§7=8,-S
= S 2=S-8§,,is the equation of the pair of tangents drawn from an external point Pf , y,) to the

circle S=0.

Hence proved.
Common Tangents
° A straight line L is said to be a common tangent to the circles S=0 and S =0, if it is a tangent

toboth S=0and S'=0.

Common Tangent

N
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° Any two intersecting common tangents of two circles and the line joining the centres of the

circles are concurrent.

Q

S

= Line of Centres

The two common tangents and the line of centres

intersect at Q (concurrent at Q)

° The point of intersection Q, of two common tangents (if exists) of two circles and the centres C,
and C, of these two circles are collinear.
C,, C,, Qare collinear (lie on a straight line)

° The pair of common tangents to the circles S =0 and S' = 0, touching at a point on the line
segmentC,C, (C,, C, are the centres of the circles) is called transverse pair of common

tangents.

Transverse Common Tangent

Transverse Common Tangent

° The pair of common tangents to the circles S=0and S' =0, intersecting at a point not in C,C,

is called as direct pair of common tangents

Direct Common Tangents

Line of Centres

Direct Common Tangents
The two common tangents and the line of centres

intersect at Q (concurrent at Q)
° The point of intersection P, of transverse pair of common tangents is called asInternal centre

of similitude.



16

| Basic Learning Material - Maths II(B) |

The point P, divides the segment C,C, intheratior, : r, internally. (where 7, is the radius of the

circle with centre C| and r,, is the radius of the circle with centreC)

The point of intersection Q, of direct pair of common tangents is called asexternal centre of

similitude.

The point Q, divides the segment C,C, in the ratio 7, : , externally.
P,Q,C,, C,areall collinear.
Where P is the internal centre of similitude,
Q is the external centre of similitude,
C,, C, are the centres of the two circles.
Relative positions of two circles

Let C,, C, be the centres and 7, 7, be the radii of two circles S =0, S' = 0 respectively.

Let C,C, represent the line segment fromC, to C..

The following cases arise with regard to the relative position of two circles.

Case (i)

each of'the given pair of circles lies in the exterior of the other
condition: C,C, >r +tr,,(r#r)

In this case the two circles do not intersect.

Direct Common Tangents

Direct Common Tangents

Transverse Common Tangents Transverse Common Tangents

For two non - intersecting circles, we can draw two direct common tangents and two transverse

common tangents
So we can draw FOUR COMMON TANGENTS

P is the internal centre of similitude, Q is the external centre of similitude
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Case (ii)

Condition: C,C, > r,*r,,r=r,

AN /

> Direct Common Tangents
\/ CN
p\ /

Cl
/ > Line of Centre
‘/ \ > Direct Common Tangents

Transverse Common Tangents
Transverse Common Tangents

N

The circles are non - intersecting circles.

The transverse common tangents intersect at P, the internal centre of similitude.
The direct common tangents are parallel to C,C,

The external centre of similitude, Q, does not exist.

So we can draw four common tangents
Case (iii)
Condition: C,C, =r,*r,

N

- Direct Common Tangents

)

Line of Centres

Direct Common Tangents

A\
Transverse Common Tangents
The two circles touch each other externally.
The internal centre of similitude ‘P’ is the point of contact of the two given circles
At ‘P’, there is only one transverse common tangents.
The direct common tangents intersect at Q, the external centre of similitude.

Sointhiscase wecandraw  THREE COMMON TANGENTS
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Case (iv)

Condition : [r,—r,|< C,C, <r, * r
1~2 1 2 .
Direct Common Tangents
Line of
Centres

In this case the two circles

intersect each other. .
Direct Common Tangents

In this case the two direct common tangents intersect at Q, the external centre of similitude. /N
We cannot draw transverse common tangents
So the internal centre of similitude does not exist.

In this case we can draw only Two common tangents

Case (v)

Condition: C,C, = |r,—r,)|

In this case, the two circles touch each other internally

we cannot draw transverse common tangents

= The internal centre of similitude does not exist
Only one direct common tangent can be drawn at the point of contact, Q, of the two circles.
In this case, we can draw only ONE COMMON TANGENT

Case : (vi)

Condition: C,C, < |r,—7,|
In this case one circle lies entirely in the interior of the other circle.
The number of common tangents that can be drawn to
the two circles is zero

No.of common tangents = zero

Note : Two circles are said to be touching each other if they have only one common point

Case : (vii)

= If C,C, =0, then the centres of the two circles, coincide
= They are concentric circles

= The no. of common tangents drawn to the two circles is zero

Concentric Circles



Sol :

Sol :

Problems

Find the equation of the circle whose centre is (2, 3) and radius is 5.

Equation of'the circle whose centre is (@, b) =(2, 3) and radius, =5 is
(x—ay+(@-by=r

(x=2P+@-32=5

X+4-—4x+y’+9-6y—-25=0

X*+yP—4x—6y—12=0

Ifthe extremities of diameter of a circle are (3, 5) and (9,3), then find the equation of the circle.

The equation of the circle whose ends of the diameter

are A=(x,y)=@3,5and B=(x,,y,) = (9, 3) A B
5 @ox) o) F0-r) 0-p) =0 U
= xE-3)x-9+Hr-5@r-3)=0

= X=9x—-3x+27+y*-3y-5y+15=0

= X+y —12x-8y+42=0
Find the centre and radius of each of the following circles.
(1) X*+y*—4x—-8y—41=0

(ii) 3x> + 31> — Sx — 6y +4 =0

Sol : (i) Given circle isx?> +)? —4x—8y—41=0

Comparing it with the standard equation of the circle

X2+ y*+2gx +2fy + ¢ =0, we get
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2g=—4,2f=-8, c=-41

4 -8
Ty TS 4e=—al.
= 875 /=5

centre = (=g, ) = ((-2), (-9 =(2,4)

radius = \Jg” + 7 —¢ = [(<2)" +(—4)’ —(—41) =Ja+16+41 =61

(ii) Given circle is 3x* +3)?—5x -6y +4=0

2 2
= 3i+3l_5_x_6_y+i:0
3 3 3 3 3

= X +y ——x-2y+==0
YIRS

Comparing this equation with the standard equation
X2 +3?+2gx + 2fy + ¢ = 0 of the circle, we get

[Note : Always write the equation of the circle in the standard form with coefficient ofx* and y? as one.

So divide all the terms by 3, so that coefficient ofx* & y* becomes one]
-5 4
2g="2,2f=-2c=—
g=752 3

- g:%s’ f:—l)c:%

centre =(—g —f)= (%, lj

radius = /g’ + /" —¢ =\/(%5] +(_1)2_§

36 3 36

_ﬁ_ﬁ_ﬁ
“\36 36 6

Note : When C is the centre of the circle, and if the circle passes through the point P, the distance CP

25 . 4 \/25+36—48

is the radius of the circle.
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P
CP=r
4. Find the equation of the circle passing through the point (2,—1) and having centre at (2, 3)
Sol: LetP=(2,-1)
Centre =C = (a, b)=(2, 3) P
Since the circle passes through the point P, CP=r
radius = distance CP
= \/(2 — 2)2 +(3+ 1)2 -+ distance formula : \/(xl - X, )2 +(y - » )2 )
=J0+16
= \/E =4=r.
The equation of the required circle is (x —a)* + (y — b)*=r?
= (x=2P+@-32=4
= X+ —4dx—-6y+4+9-16=0
= X*+yP—4x—6y—-3=0
Second Method
Let the equation of the circle be S =x>+)?+2gx + 2fy + ¢ =0 .. (1)
Its centre is (—g, 1) = (2, 3)
= —g=2,—f=3
= |g=-2,|/=-3
Now the circle (1) becomes x?> +y? +2(-2)x +2 (-3) y+¢=0
= X*+yP—4dx—6y+tc=0 .. (2)
It passes through the point (2, —1)
= It satisfies the point (2, —1). Substituting in (2), we get
2+ (=1)*-42)-6(-1)+tc=0
—  4+1-8+6+c=0
= c=-3
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Substituting the values ofg, £, ¢ in (1) we get the required circle as
X*+y'—4x—-6y-3=0
5. Obtain the parametric equations of the following circles.
() 402 +) =9
(i) x*+y*—4x—-6y—12=0
Sol :
. . . . 2 2 9
@) Givencircleis4(x*+)*)=9 = x +y = 1
o o 29
Comparing this equation withx? +)?=r*we get 7~ = 2
fthe circle is (0, 0) = = r_g_ﬁ_é
centre of the circle is (0, 0) = (x, y,) N
The parametric equations of the circle are
x=0+icose x:icose
X=X, +7 cos 9} 2 L2
y=yitrsin 0 y=0+§sin9 y=§sin6
2 2
where (x, y,) = centre, 0<0<2n
(i1) Given circle is X2 +)*—4x— 6y —12=0

Comparing with the standard equation x> +)? + 2gx + 2fy +¢=0
we get 2g=-4, 2f=—-6,c=-12
g=-2, f=-3,c=-12

centre = (=g, -f) = (2,3) = (x, »)

radius=7r=+g° + f2—c =4+9+12 =25 =5

The parametric equations of the circle are

y=y,+rsin 0

xX=Xx,+r cosO . x=2+5cos 6
y=3+55sin 6, 0<0< 2n
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6. Find the values of a, b if ax* + bxy +3y*—5x +2y—-3=0

represents a circle. Also find the radius and centre of the circle
Sol: The given equation is ax*> + bxy +3)?—5x +2y—-3=0

It represents a circle if coefficient ofx? = coefficient of )

and coefficient ofxy is zero
= a=3andb=0

The circle is 3x* + 3y* - 5x +2y-3=0
Divide by 3,

2 2
3 3y 5x 2y 3.0
3 3 3 3 3 3
5 2
= ¥ +y —=x+=y-1=0
y 3 3 y
comparing this equation with x> +)? + 2gx + 2fy + ¢ = 0, we get
2g:_—5, 2f:g, c=-1
3

= = _—5 = l c=-1

g 6 ) 3 D)

5 1
centre=(—g,— = —=,——
(e-)=(3-3)
5 (1Y
radius= /g’ +/* —c = \/(gj +(‘§j -(-1)
25 l+1_\/25+4+36_ 65 65 o5
36 9 36 36 36 6
.65
radius = ——
6

7. Ifx* + )% —4x + 6y + ¢ = 0 represents a circle with radius 6, then find c.
Sol.  Comparing the given circlex? + )? —4x + 6y + ¢ = 0 with

the standard equation x? + y* + 2gx + 2fy + ¢ = 0, we get
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20=-4,2f=6,c=c

= g=-2,f=3,c=c

radius =6 = Jg'+fl-c=6

Squaring on both sides, we get

gHfi-c=6
= (-2 +3*—c=36
= —=36-4-9
= =23 =
8. Find the equation of the circle passing through the three points (3, —4), (1, 2), (5, -6)

Sol: LetA=(3,-4),B=(1,2),C=(5,-6)
let P(x,, y,) be the centre of the circle passing through the points A, Band C
Then PA=PB =PC =radius of the circle

A

s}

C

NowPA=PB = /(3 -3) +(3+4)" =y(x—1) + (3,2

Squaring on both sides we get, (x, — 3> + (y, + 4)*= (x, — 1>+ (y, - 2)?

= x —6x,+9+y2+8y +16=x’-2x +1+y>— 4y +4

= —6x, + 8y, +25+2x +4y -5=0

= —4x, + 12y +20=0

= 4(—x, +3y, +5)=0

= —x, +3y, +5=0 .. (1)
Again PB=PC = Squaring on both sides, PB*=PC?

= @102 (- 5P+ (,+6)

= xP=2x, +1+y>—4y +4=x7-10x +25+y?>+ 12y + 36

—2x, -4y, +5+10x, — 12y, =61 =0
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8, — 16y, — 56 = 0

=
= 8(x, =2y, =7)=0
= x, -2y, -7=0 ..(2)
Solving (1) & (2) weget
-x,+3y,+5=0
x,—2y,-7=0
»—=2=0

= Y, =2
substituting y, =2 in (2), we getx, —2(2)-7=0
= x =4+7=11

P=(x,,»,) = (11, 2) is the centre of the circle

Radius =PA = [(11-3)" +(2+4) =8+ & =//64+36=1100=10

r=10

The equation of the circle passing through the points A, B & C
is(x—x)+Q@—-y)y=r

= (x—112+ @ -2y =10

= X*+)yP—22x—-4y +25=0

Note : Centre (a, b) = (x,, y,) and (x—a)’ + (y— b)> = r*is the equation of the circle.

0. Show that the points (1, 2), (3,—4), (5,-6), (19, 8) are concyclic and find theequation of the
circle on which they lie.

Sol: LetA=(1,2),B=(3,-4),C=(5,-6),D=(19, 8) be the given points. They are concyclic,
if they all lie on the same circle.

Let S = (x,,»,) be the centre of the circle passing through the points A, B, and C.
Then, SA=SB=SC
Now SA =SB = SA?=SB?

= (D227 =5 =3) + (0 +4)

= xP=2x +1+y>—4y +4=x>-6x +9+y>+8 +16
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—2x, -4y, +5+6x -8y, —-25=0
4x — 12y, -20=0
4(x, -3y, -5)=0
x, -3y, -5=0 .. (1)
Again SB=SC = SB2 = SC?
(x1_3)2+(y1+4)2=(x1_5)2+(y1+6)2
xP—6x +9+y2+8y +16=x7>—10x, +25+y>+ 12y + 36
—6x, + 8y +25+ 10x, - 12y, - 61 =0
4x, —4y, —36=0
4x, -y, -9 =0
x, -y, -9=0 ..(2)
Solving (1) and (2) we get
x—=3y,-5=0
x— »-9=0
-+ o+
-2y, +4=0
2y, =4

__4_

=—=2
-2

Y

substituting y, =2 in (1), we get x, —3(2)-5=0 = x =11

centre = (x,, y,) = (11, 2)

radius =SA = [(11-1)’ +(2-2)’ =10’ +0* =100 =10

The equation of the circle passing through the points A, Band Cis (c—x,)* + (y -y )* = 1>

(= 112+ (y—2) =102
X+ —22x—4y + 121 +4-100=0
X+ —22x—4y +25=0 .. (3)
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Now substituting D= (19, 8) in (3), we get

(19)* + (8)* —22(19) — 4(8) + 25
=361 +64—-418—-32+25
=450-450=0

= D lies on the circle (3), Hence proved
The four points A, B, C, D lie on the circle (3)
iex? +)y?—22x -4y +25=0
The points A, B, C, D are concyclic.

Note : Four points are said to be concyclic if they all lie on the same circle.
A

D
The equation of the circle with centre (a, b) and radius ‘7’ is (x—a)* + (y— b)* =12

If centre is (x,, y,), Then the circle is (x —x,)* + (y =y )* =7
10. If(2,0),(0, 1), (4, 5) and (0, ¢) are concyclic, then find ‘c’.
Sol: LetA(2,0),B=(0,1),C=(4,5),D=(0,c)be the points which are concylic i.e., the points

lying on the same circle.
LetS= (x,,»,) be the centre of the circle passing through the points A, B, C and D.
Then, SA=SB=SC=SD
Now, SA = SB. Squaring on both sides, SA? = SB?
= (x, =27+, -07=(x -0+ -1y
= xP—dx +t4+y? =x>+y>-2y +1
= —4x +2y +3=0 .. (1)
Again, SB=SC
Squaring on both sides
SB? = SC?
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(5 =0 + (3 =17 = (5, —4) + (7, -5’
x;+ 0 =2y, +1=x7 —8x, +16+y, =10y, +25
8x,+8y,—40=0
2(4x,+4y,-20)=0
4x,+4y,-20=0 e (2)
solving (1) and (2)
—4x,+2y,+3=0

4x,+4y,-20=0

6y,—-17=0

17

ylzz

17
substituing ¥, = 3 in (1) we get

—4x, +2£1Z7j+3 =0

—4x1+£+3=0

13 17
(x],y] ) = (Z,?J

Now, SC = SD = Squaring on both sides, SC?>= SD? or SA=SD = SA?= SD?
Here we cantake SA=SD  (or) SB=SC (or) SC=SD

Since SA is simple as A= (2, 0), taking SA=SD

Squaring on both sides, SA>=SD?
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= =20, -0P= -0+, —o)
= xP—d4x t4+y? =xPtyli-2cp
= —Ax, +4=-2cy +c
= —4(£j+4:—2c(1—7)+c2

6 6
L 26, e,

3 3
-26+12  —17¢+3¢?

j— =

3 3
= —14=—17c + 3¢*

= 3 17c+14=0
=  (c-1)(Bc-14)=0

C1744289-168 1744121 17411

C
of 2(3) 6 6
_® o
6 O 6
I
- 3 or

14
c=1lor ER But when ¢ =1, the point D is (0, 1) which is same as point B. Since A, B, C, D

14
are four different points, D =(0,c) = (O, —j

3
14
= c=—
3
11. Find the equation of the circle passing through (2, 3) and concentric with the circle

X+ +8x+ 12y +15=0
Sol: Givencircleisx?+3)*+8x+ 12y +15=0 .. (1)

The equation of any circle concentric with (1) is
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12.

Sol :

X*+y+8x+ 12yt k=0 ..(2)
(-.- centres of concentric circles are same)

It passes through the point (2, 3)

22+ 32+ 8(12)+12(3) +k=0

4+9+16+36+k=0

k=-065

substitutingk=-65 in (2), we get the required circles as

X+y+8x+12y-65=0 Ans
Show that A(2, 3) lies on the circle x* + y*—8x— 8y +27=0

Also find the other end of the diameter through A

Given circle isx* + > —8x—8y +27=0 .. (1)
Substituting A(2, 3) in it we get
224+32-8(2)-8(3)+27=0

(2,3)

4,4
—4+9-16-24+27 A %4

1B (x, »)
=40-40=0
A lies on the circle (1)
Let C be the centre and AB be the diameter of the circle
X*+)yP—8x -8y +27=0
comparing with x> +)? + 2gx + 2fy + ¢ =0, we get
2¢=-8 2f=-8 c=27
=g=-4 =>f=-4
Centre=C=(—g )=(4,4)
LetA=(2,3)and B=(x,y,) be the other end ofthe diameter AB.
Then C is the midpoint of A, B.

(4’ 4) :(ﬁ’ ﬂ}
2 2

_2+x 4_3+y1

4 ;
2 2
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Sol :

8§=2+x, 8=3+y,

x, =6, y,=5

B=(x,,y,)=(6,5)is the other end of the diameter

Find the equation of the circle passing through (4, 1), (6, 5) and having the centre on the line

4x+y—-16=0
First Method

Letx? +y*+2gx +2fy+¢c=0

be the circle passing through the points A (4, 1) & B (6, 5)

Then Alieson (1)
42+12+2g(4) +2f(1)+c=0
17+8g+2f+c=0

Again B(6, 5)lieson (1)

6> +52+2g(6) +2f(5)+c=0
61 +12g+10f+c=0

Now centre (—g, —f) lieson4x+y—16=0

4-g)+ ()~ 16=0
—(4g+f+16)=0
4g+f+16=0
2)-0)

17+ 8g+ 2f+c=0
61+12g+10f +c=0

—44 —4g-8f =0
411 +g+2f)=0
I1+g+2f=0
Solving (4) & (5) we get

(1)

- (2)

- (3)

()

.5
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2x(@4) = 8g+2f+32=0

g+2f+11=0
Tg+ 21=0
21
RO R i —

Substituting g=-3 in (4), we get
4(-3)+f+16=0

=  f=-16+12=-4 =
Substitutingg=-3, f=—4in (3), we get
61 +12(-3)+10(4)+c=0

= 61 -36-40+c=0

=
Substituting the values ofg, £, ¢ in (1) we get the required circle
X2+ +2(3)x+2(4)y+15=0

= X*+y'—6x—8y+15=0

Second Method

LetS =(x,,y,) be the centre of the circle passing through the points A(4, 1) & B(6, 5). Then
SA=SB

A
= SA?=SB?
= (x, =4+ @,— 17 =(@—-6)y+(,—5)
= x?=8x, +16+y>-2y +1
=x7—12x +36 +y*— 10y +25 B
= —8x, — 2y, + 17+ 12x, + 10y, - 61 =0
= 4x, + 8y, —44=0 .. (1)
Now the centre S(x, y,) lieson 4x +y—16=0
= 4x, +y, —16=0 .. (2)

Solving (1) & (2), we get
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Sol :

U

4x,+8y, +44=0

4x,+ y,-16=0
- -  +
28
7y,—-28=0 = y1=7=4
Substitutingy, =4 in (2), we get
4x, +4-16=0
_12_3
4x, =12 = xl—?—

The centre of the required circle is S=(x, y,) = (3,4)

Radius = distance SA = \/(3 — 4)2 +(4- 1)2 =J1+9 =410
The equation of the required circle is, (x —x )* + (y —y,)* =7
(x=3) +(y—4) =(v10)

X—6x+9+)y? -8+ 16=10
xX2+y’—6x—8y+15=0

Find the equation of the circle whose centre lies on the x - axis and passing through (-2, 3) and

4, 5).

First Method

Let the required circle be x? + y? +2gx + 2fy + ¢=0
Its centre (—g,— /) lies on the x-axis

= f=0

It passes through (-2, 3)

(2 +32+2g(-2)+2(0)(3) +c=0 [+ f=0]
13-4g+c=0

It passes through (4, 5)

424+ 52+2¢g(4)+0+c=0

41 +8g+c=0

(1)

- (2)

3
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Solving (2) & (3) we get

13 -4g+c=0
41+ 8g +c=0

-28-12g =0 = -12g=28

I
7273

-7
Substituting & = ER in (2) we get

13—4(%7J+c=0 = 13+?+c:0

39+28

= +c=0
3
67
—+c=0
= 3
=97
= 3

Substituting the values ofg, £, cin (1) we get the required circle as

x*+y? +2(_—7jx+2(0)y—6—7 =0
3 3
= 3 +)) - 14x-67=0
Second Method
Since the centre of the circle lies on x- axis,
let the centre be S = (x, 0)
The circle passes through the points A(-2, 3) and B(4, 5)
= SA=SB
Squaring on both sides, we get
SA%=SB?
= (x, 2> +(0~-3)=(x,—4) +(0-5)y
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= x12+4x1+4+9=x12+16—8x1+25
A
= 4x1+13+8x1—41=0
= 12x, —28 =0
I
1203 B

7
The centreis S =(x,,0)= | 3> 0

. ‘ 7 ? 2 7T+6 ?
Radius = r=Distance between S, A= §+2 +(0—3) =4l > +9

3
13V 169 250
3 9 9

The equation of the required circle is

250

R 7]2

., l4x 250 49
> X+y-—="—-—
39 9

3x* +3y° —14x _ 67

3 3
= 3x+ 32— 14x-67=0
15. Ifthe abscissae of points A, B are the roots of the equationx* + 2ax — b* = 0 and ordinates of
A, B are roots of y? + 2py — ¢* =0, then find the equation of a circle for which AB s a diameter.
Sol: LetA=(x,y), B=(x,,)
Then x, and x, are the roots of x* + 2ax — b* = 0 and

y, and y, are the roots of )* + 2py —¢* = 0.
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because abscissae of A & B arex and x,

and ordinates of A& B arey, and y,

Now for the equation x> + 2ax — b*=0,

Sum of the roots = x, +x, = ﬂ S P
1

-bh?
Product of the roots = x, - x, = T b’

Similarly, for the equation)? + 2py — ¢*=0,

-2
sum of the roots =y, +y,= Tp =-2p

product of theroots= y,y, = ——=—¢

Now the equation of the circle with AB as diameter is x—x)(x-x)+@-y)(-y,)=0
= xz—xlx—xzx+x1x2+y2—y1y—y2y+le’z =0
= XY, -,y x, tyy) =0
= XA+ 2ax+2py-P—¢*=0
[Note :for the quadratic equation ax?+ bx+ ¢ =0,

~b  —(coefficient of x)
Sum of the roots = —=

a coefficient of x°
c _ constant
Product of the roots = 4 coofficient of 12
16. Find the equation of the circle passing through (0, 0) and making intercepts 4, 3 on x-axis and

y-axis respectively.

Sol: Lettherequired circle be

X2+ +2ex+2fp+c=0 .. (1)
It passes through (0, 0) =

Its x-intercept is 4
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= 2g’-c=4 = gz—Ozg

Similarly, its y - intercept is 3

=3 fP=c=3 =2Jf*-0=3 :>\/f2:%

= t f= :f:i%

3
2

substituting the values ofg, £, cin (1)
we get the required circle asx? + > +4x + 3y =0

17.  Locate the position of the point P(3, 4) with respect to the circle S =2 +)? —4x—6y—12=0

Sol: S=x*+)"—4x—-6y—12=0, P(3,4)
S, =3+4-4(3)-6(4)—12=9+16-12-24—12
=-23<0

= P (3, 4) lies inside the circle
18. Find the power of the point P (5, —6)with respect to the circle
S=x*+)?+8&+12y+15=0
Sol: P=(x,y)=(5,-6), S=x"+)"+8x+12y+15=0
power of ‘P” with respect tothe circle S=01is S |
=52+ (—=6)*+8(5) + 12(-6) + 15
=25+36+40-72+15
=44
19.  Find the length of tangent from P(1, 3) to the circle
X+ —2x+4y—-11=0

Sol:  The length oftangent from P(1, 3) = (x, y ) to thecircle S =x* + > - 2x +4y—11=01is /S,

= X2t =2x, +4y, 11 =149-2412-11=19 =3
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20. Ifthe length of the tangent from (2, 5) to the circle
x> +)?—5x+4y+k=0is /37, then find £.
Sol: Length of the tangent from P(x, y ) = (2, 5) to the circle S =x> + 3> - 5x + 4y + k=0 is
JS, =37
Squaring on both sides we get S, =37
= x> +y2=5x +4y + k=37
= 22+52-512)+4(5) + k=37
= 4+25-10+20+ k=37
= k =37-39
= k=-2
21. If apoint P is moving such that the lengths of tangents drawn from P to the circle
xX*+y?—4x—6y—12=0and x> +)*+ 6x + 18y +26 =0 are in the ratio 2 : 3, then find the
equation of the locus of P.
Sol: LetP=(x,y)
LetS=x>+)"—4x—-6y—12=0&S'=x* +)*+6x+ 18y +26=0
The length of tangent from P to the circle S=0is \/ST
= \/xl2 +y,° —4x, -6y, —12
The length of tangent from P to the circle S =0 is \/§
= X+ +6x,+18y,+26
Given that \/§ \/g =2:3
S, 2
= T 3
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22.

Sol :

u 0l U

U

98, =4S

x> +y>—4dx, —6y —12)=4(x>+y>+ 6x + 18y +26)

Ox >+ 9y —36x — 54y — 108 —4x > — 4y > —24x — 72y —104 =0
5x 2+ 5p2— 60x, — 126y, — 212 =0

The locus of P(x, ) is

5x2 + 5)2 — 60x — 126y — 212 =0

Find the equation of the tangent tox? +)*—2x+ 4y =0at (3,—1). Also find the equation of

tangent parallel to it.

The given circleis S=x* +)? - 2x+4y=0 .. (1)
LetP=(x,y)=(@3,-1)

S, =3 +(1Y-23)+4(-1)=9+1-6-4=10-10=0

P lies on the circle (1)

Equation of tangentat P is S, =0

xx, tyy tgtx)tfy+y)=0

x3)+yDH)+ (=) x+3)+2@-1)=0

3x—y—-x-3+2y-2=0

2x+y—-5=0 .. (2)
The centre of the circle C = (—g, —f)

C=(1,-2)
tangentat B

Let B be the other end of the diameter pCB

Let B = (x,, y,) then C = mid point of P, B

3+x —1+y]
l,-2)=| —, —=L
(. -2) (2’ 2

tangent
atP

ELE N S & 5




40 Basic Learning Material - Maths 1I(B)
The other end of the diameteris B = (x,, y,)
=(-1,-3)
The tangent parallel to (2), will pass through B.
Any line parallel to (2)is2x +y + k=0 ..(3)
It passes through B
= 2-1)+(-3)+k=0
= k=5
Substituting k=5 in (3), we get the required tangent parallel to (2) as 2x +y + 5=0.
23. Find the equation of the tangents to the circlex? + )? —4x — 6y + 3 = 0 which makes an angle
45° with x-axis.
Sol: Given circle is S =x? +)? —4x — 6y + 3 = 0. Comparing with the standard equation,
X2+ +2ax +2fptc=0,weget2g=-4,2f=-6,c=3
= g=-2,f=-3,c=3
radius=r= m —J4+9-3 =10
y
™ tangent
> 5 Sy
Given that the tangent makes an angle 45°with x-axis
= Slope of tangent=m =Tan45°=1

The equation of required tangent is

yrf=m@x+g) +rJ1+m?
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24.

Sol :

y=3=1(x=2) £ 10 +/1+1

x—y+1+2J5=0

Find the length of the chord intercepted by the circle
xX*+)y?+8x—4y—-16=0ontheline3x—y + 4=0

Given circleis

S=x*+)?+8—-4y—-16=0

Comparing with the standard equation x* + y* + 2gx + 2fy + ¢ =0,
we get2g=28,2f=—-4,c=-16

g=4,f=-2,c=-16

radius=r=+/g’ + f> —c
= 4 +(-2) +16

=36 =6

centre=C=(-g, —f)=(-4,2)=(x, )

NV
AN M _“B
< o > X
NZ
let the equation of chord AB be 3x —y+4=0 .. (D)

CM = d=perpendicular distance from the centre C to the chord (1)

B |axl + by, +c|
- W (formula)

ax+by+c=3x-y+4=0,a=3,b=-1,c=4
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G+
34+ (-1)

b Vi
BT TR

length of the chord AB
=2Jr’-d’
=2 62—(\/5)2

=2436-10
=226 units

25.  Find the length of the chord formed by x> + y* = @*> on the line x cos a.+ y sin a.=p
Sol.  The given circleisx? +)? =a?
Its centre is (0, 0) =C
and radius=r =a ‘
Given equation of chord is ANM 7B
xcosat+tysina—p=0 .. (1)
comparing with ax + by + ¢=0, we get
a=cosa,b=sino,c=-p
d = CM = length of the perpendicular from the centre C= (0, 0) = (x, y,)
tothechord (1)

|axl + by, +c|

W (formula)

|cosa (0)+sino( |

‘ \/COS 0c+sm (0 ‘

Length of the chord AB = 2./ — 4>

= Zﬂlaz —p2 units
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26.

Sol.

x —_—
Ifx? +y? = c*and 2 + % = lintersect at A and B then find AB. Hence deduce the condition
that the line touches the circle.

The given circle is x* +)? = ¢? 0

Its centre is O = (0, 0)

. AWB
radius=r=c

x
The equation of chord AB is o + % =1 .. (1)

d =perpendicular distance from the centre O (0, 0) to the chord (1)
=OM

_ |ax1 + by, +c|

W (formula) ~ where (x, y,) = (0, 0)

~ -1
a b

T o 11
(1)2 (1)2 [+ Theline (1)is —-x+—y—1=0]
— |+ a b

00‘
—+

1
2

s
a b*

Now the length of the chord AB

SN

1

53
at b
2 b2

\/ b*+a*

The line (1) will be a tangent or touches the circle, if this length of chord is zero.

=2 ¢’ -
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212
a b
= P ———=0
b +a
2 a2b2
= = 2 2
b +a
N 1 a’+b’
02 a2b2
1 a’ N b’
= ¢ a’b’  a’b’
1 1. : .
= pel = = + - is the required condition

27. Find the equation of the circle with centre (-2, 3) and cutting a chord of length 2 units on
3x+4y+4=0
Sol: Let the required cricle be x* +y* +2gx + 2fy +¢=0 .. (1)
Its centre is (—g, —f) = (-2, 3) (given)
= —-g=-2,—=3

= |g=2}|/=-3 ) .
. — AM B 3ciap+4-0
equation of the chord AB is
3x+4y+4=0 - (2)

d =perpendicular distance from the centre (-2, 3) to the chord (2)

_ |axl + by, +c|

S, m (formula)  (x,y)=(-2,3)

B(-2)+4(3)+4

NG
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=

=

=

=

28.

Sol :

The length of the chord AB is 2. (Given)
WP —d* =2

Jr—d? =1
rP—d* =1
rP=1+d’
g+ fr-c=1+27 [ d=2]
2?+(-3)P-c=5
c=8
Substituting the values ofg, £, cin (1), we get the required circle as
X*+)yP+4x—-6y+8=0
Find the equation of'the circle with centre (2, 3) and touching the line 3 —4y+1=0
The centre of the circle is (@, b)=(2, 3)
Since it touches the line 3x—4y+1=0,
The line 3x—4y+1=0 .. (1)
is a tangent to the circle

radius =d = perpendicular distance from the centre (2, 3) to the tangent (1)

_ |axl + by, +c|

W (formula) ~ where (x,, y,) = (2, 3)

_B(2)-4(3)+1
J3F +(-4)

The equation of the required circle is
(x—ay}+@->by=1r
x-22+(@H-3)7=1?

X +y—4x—-6y+12=0
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29. Find the equation of the circle with centre (—3, 4) and touching y - axis

Sol: Let the required circle be x> + y*+2gx + 2fy + ¢ =0
Its centre = (—g, ) = (-3, 4) given

= —g=-3,-f =4

= [g=3| [F=—4| T
Since the circle touches the y - axis,f>=c¢ (condition)

= c=f*=(4)y =16 ¢

=
The required circle is x> +)? +2(3)x + 2(—4)y + 16 =0

= X+)yP+6x—-8+16=0

30.  Find the condition that the tangents drawn from the external point g, /) to the circle S =0 are
perpendicular to each other.

Sol:  Weknow that if 0 is the angle between the tangents drawn from an external point P , y,) to

the circle S =0, then tan (g} =

7

Sll

Ifthey are perpendicular, then® =90°

Given P(x, y,) = (g, f)
Tan (9—()) =L
2 S,

r r

Tan45°= = =l=—7=
Sll Sll

S =

Squaring on both sides, we get

Sllzr2
xP+yr+2gx +2f, =g +f-c
gHft28@ YN re=g+f-c

288 +2f2+2c=0

&)
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= 2@ =0
= g+ f?+ ¢ = 0is the required condition.
31.  Find the chord of contact of (2, 5) with respect to the circlex? +)?—5x+4y—-2=0
Sol: LetP=(x,y)=(2,5)
The circleis S=x? +)? - 5x+4y—-2=0
The chord of contact of P, w.r.t the circle S=01is S, =0
=  xx tyy tgxtx)tf@ty)te=0

= x(2)+y(5)—§(x+2)+2(y+5)—2:O
= 2x+5y—57x—5+2y+10—2:0

Sx
= 2x+7y—7+3:0 = x-14p-6=0

32.  Find the equation of the polar of (2, 3) with respect to the circlex* +)?+ 6x+ 8y—96=0
Sol: LetP=(x,y)=(2,3)
The circleis S=x? + )+ 6x + 8y —-96 =0
The polar of P = (x, y,) with respect to the circle S=01is S =0
= The polar of P(2, 3) is
xx, tyy tgx+tx)+f@+y)te=0
= x(2)+ y3)+3(x+2)+4(y+3)-96=0
= 2x+3y+3x+6+4y+12-96=0
= Sx+7y-78=0
33. Show that (4, 2) and (3, —5) are conjugate points with respect to the circle
X+)P-3x-5y+1=0

Sol : LetP = (xl’ yl) = (4’ 2)9 Q = (xz’ yz) = (3’ _5)
The circleis S=x?+)?—3x—-5y+1=0

NOW 812=x1x2+y1y2+g(x1+x2)+f(y1+y2)+c
=4(3)+2(—5)—%(4+3)—%(2—5)+1

=12—10—2+E+1
2 2

21 15 6-21+15 O
2 2 2 2

Since S, =0, the points P and Q are conjugate points.
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34.  Find the pole of x + y + 2 =0 with respect to the circle x> +)? —4x + 6y—12=0
Sol.  To find the pole of the linex + y +2=0 .. (D)
with respect to the circle x> + > —4x + 6y—12=0 .. (2)
comparing (1) with Ix + my + n=0
weget/l=1,m=1,n=2
because, (1)isl.x+1.y+2=0
comparing (2) with the standard equationx? + y* + 2gx + 2fy + ¢ =0
we get 2g=-4, 2f=6, c=-12
= g=-2, /=3, c=-12
radius=r=/g’ + f>—c =v4+9+12 =5
The pole of Ix + my + n=0 w.r.t the circle S=0
2 2
is|-g+ Ir —f+ m
lg+mf —n lg+mf —n
The pole of (1) is = | 2+ 1x25 3. 1x25
epoleof(Dis=| =+ 1y Gy 2" T 1(2)+1(3) -2
= 2+£, —3+£
-1 -1
=(2-25,-3-25)
=(-23,-28)
35. If (4, k) and (2, 3) are conjugate points with respect to the circlex? +y* =17, then find £.
Sol: LetP=(x, )=k,  Q=(,7)=(23)

I

givencircleis S=x*+)? —17=0

It is given that P and Q are conjugate points
S,=0

x, x,ty y,-17=0
42)+k(3)—17=0

8+3k—-17=0

3k=9

k=3
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36. Find the angle between the tangents drawn from (3, 2) to the circle
X+yr—6x+4y—-2=0

Sol.: LetP=(x,y)=(3,2) & Circle S =x*+)*—6x + 4y —2=0. We know that if ‘0’ is the
angle between the tangents drawn from P (x , y,) to the circle S =0, then

tan (gj S
2) \Sn

N9+4+2

) \/32+22—6(3)+4(2)—2

because S | = x*+y >+ 2gx, +2f), + ¢

Tan(%)z%zx/g

= Tan_l(\/g)

=

| @

= 0=2Tan"! (V15), is the angle between the tangents.
0
(or) Tan 5 =4/15

_‘I—Tanz %L|1_15|:|—14|:
:cose—‘1+Tan2%‘ 11+15] | 16 |

7
= 0=Cos™' (gj Ans.

37. Find the internal centre of similitude for the circles
X*+yP+ox—2y+1=0andx’+)*-2x—-6y+9=0
Sol: Letthe given circles be

S=x*+y*+6x—-2y+1=0
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and S'=x2+)?-2x-6y+9=0
For the circle S=0, For the circle S'=0

centre = C, = (-3, 1) centre = C, = (1, 3)

radius =, =+/9+1—1 radius=r,= \/1+9-9
=J9=3 =1.

Distance C,C, = [(1+3) +(3-1) =16+4 =20 =25

rotr,=4
= CC,>r +r,
= The two circles are non - intersecting circles.

The internal centre of similitude divides @ intheratior : »,=3: 1 internally.

= The internal centre of similitude =Q

. m xz + l’lxl myz + nyl
m+n ~ m+n

:(3(1)+1(—3) 3(3)+1(1)j

341 7 3+1

(o0

38.  Find the external centre of similitude for the circlesx* +y*—2x—6y+9=0and x> +)? =4
Sol : Letthe given circles be
S=x*+y"—2x-6y+9=0

and S'=x*+)? -4=0
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39.

Sol :

for the circle S=0, for the circle S'=0

centre = C, = (1, 3) centre = C, = (0, 0)

radius= 7, =v1+9-9=1 radius = 7, = /4 =2

Distance C,C, =+(1-0)’ +(3-0)’ =10

rotr,=1+2=3,

GCorir,

The circles are non - intersecting.

The external centre of similitude, P is the point of intersection of direct common tangents and
divides C_C; intheratior :7,= 1 :2 externally.

The external centre of similitude

2

m-—n m-—n

p_ (mx2 —nx, my, —nylj

=(2,06)
Show that the circles x* +y? —4x — 6y — 12 =0 and x> + ) + 6x + 18y + 26 = 0 touch each
other. Also find the point of contact and the equation of common tangent at this point of contact.
Let the given circles be

S=x*+y*—4x—-6y—12=0
and S'=x>+y*+6x+18y+26=0
for the circle S=0, for the circle S'=0
centre =C  =(2, 3) centre = C, = (-3, -9)

radius=r, =v4+9+12 radois = r, =+/9+81-26
=25 =64

=5 =8
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Distance C,C, = \/(_3 _ 2)2 + (_9 — 3)2
=25+144 =169 =13
r+r,=5+8=13=GG
GG =r, +r,
= The two circles touch each other externally
The common tangent is the radical axis, S—S =0
= X'+ —4x—6y—-12—-x"—y* —6x-18y-26=0
= —10x —24y—-38=0
= 2(Bx+12y+19)=0
= 5x+ 12y + 19 =0 1is the equation of common tangent at the point of contact.
To find the point of contact of two circles : -
Let P (A, k) be the point of contact of the circles.
Then P is the foot of the perpendicular drawn from C, =(2,3)=(x,,»,)
tothe tangent S5x+ 12y +19=0
h—x, k—y —(ax,+by +c)
= = = 2 2
a b a+b
h-2 k-3 —(5(2)+12(3)+19)
= = = 2 2
5 12 5°+12
h-2 k-3 -65
j— = =
5 12 169
h-2 k-3 =5
- —_—
5 1 13
h-2 -5 k-3 -5
= =—, Ep—
5 137 12 13
- h2="2 p3="%

T 130 13
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25 60 T
h=2-— k=3-— S'=0
13 13 S=0
_26-25 ~39-60
13 13 C, P c,
_1 _ A
13 13
The point of contact of the two circles is N

Y common tangent

S

Second method to find the point of contact of the two circles

Since the circle touch each other externally, their point of contact is the internal centre of similitude

P which divides C_C; intheratior :7,=5: 8 internally

40.

Sol:

The point of contact of the circles

::(5(—3)+8(2) 5(—9)+8(3)J

5+8 5+8

(—15+16 —45+24j
13 7 13

(1L -2
137 13
Show that the circlesx? +)* —4x — 6y — 12=0and 5(x*> + y*) —8x — 14y — 32 =0, touch each
other and find their point of contact.
Let the circles be
S=x*+y*—4x—-6y—12=0

1= y?2 2_Z _E _2—
and S'=x"+y ¥ 5V 5—0(standardform)
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for the circle S=0, for the circle S'=0
-8 -14 -32
2g=-4, 2f=-6, c=-12 2g1=?, 2/ =—,c1=?
—4 -7 -32
= __ = __ = _ - 1:—, 1_—’01:
= g=-2, f=-3, c=-12 g 5 f 5 5
5:8
47\ ——
centre = C, = (-g, ) = (2, 3) centre = 57 s =C, C, C,
=(2.3) =(3,-9)
radius= 7, = /g’ + f* —c radois = Ry REI
n=y(e) () -
16 49 32
=v4+9+12 25 75 5
- B ﬂ6+49+Mm
25
225 J
25

rotr,=5+3=8

ro—r,=5-3=2=CC,

Since C,C, =|r, —r,|, the two circles touch each other internally
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The point of contact of the two circles is the external centre of similitude, P, which divides C_Q

externally in the ratior : 7,=5:3

41.

Sol :

2

P:(mxz_nxl myz_nylj
m-—n m-—n

5-3 5-3
_(ﬂ Bj_(-_z -_2)
27 2 272
=(-1,-1)

The point of contact of the two circles = (—1,—1)

Find the equation of'the circle which touches the circlex” +)? —2x —4y —20 = 0 externally at
(5, 5) with radius 5

Let the given circle be S=x*>+)?*—-2x—4y-20=0

Its centre is C, = (-g —f)

=(1,2

(1.2 S=0 (5,5)
2¢=-2 = g=-1 P
2f=—4 — =2

c=-20

radius = 1/gz +fi-c
=v1+4+20
=J25=5

Radius of S=01is 5 and the radius of required circle is also 5.

= The two circles touch at P=(5, 5) externally.

So, let the centre of the required circle be (x, y ) = C,

[

Then P is the internal centre of similitude which dividesC_C; intheratior :r,=5:5=1:

internally.
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42.

Sol :

P is the mid point of C, C,
(5,5): 1+x, ,2+y1
2 2

1+xl_5 2+,
2 T2

x,=10-1, y =10-2

=5

x =9, y, =8
The centre of the required circle is (x, y,) = (9, 8) and radius r =5
The equation of required circle is
(x=x)" +(y=y) =r’
(x=9) +(y-8)* =5
X*—18x+81+)?—16y+64-25=0
X’ +y*—=18x—-16y+120=0
Find the equation of the circle which touchesx* +)? —4x + 6y —12=0at (-1, 1) internally
with a radius of 2.

Given circle is

S=x*+)?—4x+6y—12=0 Q1,1
2g=-4 = g=-2
2f=6 = f=3

c=-12 5:2

Its centre C, = (—g, /) = (2, -3) CI‘ IC IQ

1 2

radius i, =v/4+9+12=25=5 (2,-3) . ») LD

Let the centre of the required circle be C, = (x,, y,) whose radius is 2, and touches the circle

S =0 internally.

Let Q=(-1, 1) be the point of contact of the two circles.
Then Q is the external centre of similitude which divides C, C, externally

in the ratio roir,=5: 2

>
m—n m—n

Q:(mxz Y, ny, _n)ﬁj
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L (L)- [le -2(2) 5y, —2(—3))

9

5-2 5-2

5x,—4 5y, +6j

= (-1 1)=( 3 3

5x,—4 _q 5y, +6

= —_—= 1

3 3
= S5x,—4=-3 5y, t6=3
= S5x, =-3+4 59, =3-6
1
= X =3 5p,=73
-3
)ﬁz?

1 -3
The centre of the required circle is =(x, y,) = (g ) ?j

The equation of the required circle with radius 2, is

(= =y =2

1Y 3\’
= xX——| +|y+=| =4
[ 5) (y sj

2 2
= X +———Xx+ +—+—y—4=0
4 25 Sy

25 5
= x2+y2—2x+§y+L+i—4:O
5 5 25 25
6 18
2 2
X +y —=x+=y—-——=0
= y s Sy 5

= 5x*+ 5y —2x + 6y — 18 =0 istherequired circle.

43. Find the pair of tangents from the origin to the circlex? +)? + 2gx + 2fy + ¢ = 0 and hence
deduce a condition for these tangents to be perpendicular.

Sol: Letthe given circle be
S=x*+)y*?+2gx+2fy+c=0
LetP (0,0)=(x,»,),S,, =0+ 0>+ 2g(0) +2(0) +c=c

The equation of pair of tangents drawn from P to the circle S=01is §*=SS |
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= [xx, tyy tegbtx)tfty)teP=07+y + 20+ 2fy +¢) (0
= [M0)+yO0) tgx t i+l =(c) P +)*+2gx+ 20+ o)
= (gx +fy + o =cx* + ¢ + 2gex + 2fcy + &2
= aex?+ 2y + A+ 2gfxy + 2fcy + 2gex — ex* — ¢y — 2gex — 2fcy — 2 =0
= (@ H ([P’ +2gfy =0

or (gx +fy)=c (x*+)?)

Now this pair of tangents (pair of straight lines) are perpendiucular,

if coefficient of x> + coefficient of y>=0
= (@0 +(-0=0

= g* + f?=2c is the condition for the pair of tangents to be perpendicular
44, Find the direct common tangents of the circles x* + )? + 22x — 4y — 100 = 0 and
X2+ —22x+4y+100=0
Sol.: LetS=x*+)?+22x—4y—100=0 and
S’ =x?+)?—22x +4y+ 100 = 0 be the given circles.

For the circle S=0 r,=radius = / g2 n f2 _c

2g=122,2f=-4,c=-100 = J121+4+100

- centre C, = (—g, ) = (-11,2) T V225

=15
For the circle §' =0, r,=radius = \/(—1 1)2 +22-100
2g'=-22,2f" =4, ¢/ =100 = J121+4-100
centre = C, = (-g',—f") = (+ 11, -2) = /25

Distance C, C, = \/(1 1+1 1)2 +(—2- 2)2

= /484 +16

= /500

= J5%x100 = 1045
=10(2.2)=22 3:1

rotr,=15+5=20<C, C, t
. C C P
. C1C2>r1+r2. 1 2
(-11,2)(11,-2)

= The two circle are non - intersecting circles.

The direct common tangents are drawn
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from the external centre of similitude P, which divides C;C, intheratio:

r.:r,=15:5=3:1 externally.

p|MX2zm  Mmyp
B m-—n ’ m-—n

:[3(11)—1(—11) 3(—2)—1(2)}

3-1 ’ 3-1

:(33;11’ —62—2j _ (22, -4)
LetP (22,-4)=(x,, y,)
To find the equation of direct common tangents :
The equation of pair of tangents drawn from P to the circle S=0is S§*=S S .
S, =xx tyy tgx+x)+fy+ty)t+c
=x22)+y(4)+11 (x+22)-2(y—-4) - 100
=22x —4y+ 11x +242 -2y +8 - 100
=33x—6y+ 150
S =x2+y’+2gx +2f, tc
=222+ (—4)P+22(22)-4(-4)-100
=484 +16+484+16-100
=900
Now S*=S S,
= (33x — 6y + 150)* = [x* + y* + 22x — 4y — 100] 900
= [3 (11x =2y +50)]> =900 (x* + y* + 22 x — 4y — 100)
=9 (11x =2y + 50)* =900 (x* + y* + 22x — 4y — 100)
= 121x% + 4y* + 2500 — 44xy — 200y + 1100x
— 100 x* — 100y* — 2200x + 400y + 10000 = 0
= 21x* — 96)* — 44xy — 1100x + 200y + 12500 = 0
is the combined equation of the pair of tangents.
The seperate equation of the tangents
are 3x +4y—50=0 and 7x — 24y -250=0
Second Method:
To find the equations of direct common tangents
The direct common tangents are drawn from P (22, -4)=(x,»,)

Let m be the slope of the common tangent
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Then the equation of tangent is,y —y, =m (x —x,)
=>y+td=m(x-22) e (D
>mx—y—22m—-4=0 .. (1)

Now (1) is a tangent to the circle S=0

= radius = Length of perpendicular drawn from centre C = (-11, 2) to the line (1)

|m(-11)-2-22m—4|
:>15=‘ \/m2+12 ‘

=152 41 = |-33m—6|

=15 2 11=3|-1lm -2

= 5Vm’ +1=—(11m+2)

Squaring on both sides, we get

25 (m*+ 1)=(11m + 2)?
=25m*+25=121m*+4+44m
=9 m*+44m—-21=0

—44i\/(442)—4(96)(—21)
2x96

—44 +£/10000

2x96

=>m=

442100 144 56
2%96  2x96 °F 2x96

-3 7

or —
4 24

Substituting the values of ‘m’ in (I) we get the required direct common tangents as

-3 7
+ e p— _ + = — —
y+4 4 (x—22)andy +4 a (x—22)

=3x+4y-50=0 and7x-24y—-250=0
45. Find the transverse common tangents of circlesx*> +)? —4x— 10y +28 =0
and x>+’ +4x -6y +4=0
Sol.: Given circlesare S=x?+)*—4x— 10y +28 =0
and §' =x*+)?+4x—-6y+4=0.
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For the circle S=0, 2g=—4,2f=-10,c =28 =>g=-2,f=-5,¢c=28
o C, =centre = (-g, —f) = (2, 5).
radius 7, = /g’ + f? —c =/4+25-28 =1

Forthecircle §' =0, 2g=4,2f=-6,c=4 = g=2,f=-3,c=4

Centre = C, = (-2, 3), radius 7, = Vg + fr—c=4+9-4=3
Distance C,;C, = \/(—2—2)2 +(3—5)2

= J16+4 =20 = 25 = 2x(2.2)
= 4.4
rotr, = 1+3=4<C C,

= The two circles are non-intersecting circles.

The two transverse common tangents are drawn from the internal centre of similitude Q.

Qdivides C,C, intheratior :r,=1:3 internally

mxy +nx1 my» +ny1
Q= m+n ~ m+n

1+3 143

_(1(=2)+3(2) 1(3)+3(5)]

(-2+6 3+15
4 7 4

9
= 1,§J=(x1, yl)

The transverse common tangents are drawn from Q. So, let the equation of tangent passing
through Q with slope ‘m’ be, y—y, =m (x —x))

9
:>y—5=m(x—1) v (D
= 2y—9=2mx—2m
=2mx—-2y+9-2m=0 . (1)

Now , (1) is a tangent to the circle S=0

= radius = perpendicular distance from the centre C = (2, 5) to the line (1)
2m(2)—2(5)+9—2m‘

Jomp +(2p

:>1=‘
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= Vam?® +4 =[2m 1|
Squaring on both sides, we get
dm* +4=_2m -1y
= Am*+4=4m*+ 1 —4m
= 4m=-3
3
= m=——
4
Substituting the value of ‘m’ in (I), we get
9 -3
——=—(x-1
vy )
N 2y-9 _ —3x+3
2 4
= 4y —-18=-3x+3
= 3x+4y—21=0isone of the transverse common tangent.

Since m? term is cancelled, slope of one of the transverse common tangents is not defined. So

9
itis parallel to y - axis and passes through Q (1, Ej

46.

Sol :

0

0

0

Any line parallel to y - axis is of the formx = &

9
Since it passes through (I’Ej , 1=k

The equation of another transverse common tangentisx=1orx—1=0

The equations of the transverse common tangents arex—1=0and 3x +4y—-21=0
Show that the line /x + my + n =0 is a normal to the circle S =0 if and only if g/ + mf = n.
The straight line Ix + my + n =0 is normal to the circle

S=x*+)y?+2gx+2fy+c=0

If the centre (—g, —f) of the circle lieson Ix + my + n =0

(=) + m(-f)+n=0

lg +mf=n
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\ System of Circles l

The Angle between two intersecting circles is defined as the angle between the tangents drawn at
the point of intersection of the two circles.

Definition :

Note: If two circles S =0 and S’ =0 intersect at the points P and Q, then the angle between the two
circles at P and Q are equal.

Theorem : If C, and C, are the centres of two given intersecting circles, d=C,C, , r and r, are the

radii of these circles, 0 is the angle between these circles, then prove that

J> —”12 —r22
Cos9 =

2nr,

Proof: Let 'P' be the point of intersection of two given circles. Let the tangents drawn to two circles at
'P' intersect the line joining the centres at T and T.,.

Then ZT,PT, = 0 YA
P
\/
Q
5 >X
ZC,PC, = ZC,PT, + £T,PC, CP=r is L totangentat P
= 90°+90°— 0 = /C,PT, = 90°
= 180°-0 Similarly,
From AC PC,, C,P=r,is 1" totangent at P
according to cosine rule, we have = /C,PT, = 90°

(C,C,0* = (C Py + (C,P)* - 2(C P) (C,P) cos ZC,PC,
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= d* =12 + 71 — 211, cos(180° —0) — /T,PT, + ZT,PC, = 90"
= K +r5 =25 [~cos6] =0+ £T,PC, = 90°
= d? —r12 —r22 = 2nrr, cosO :>LT2PC2:900—9

2_ 2 _ 2
d° -1 -n

2K ry

= cos0 =

Note : Since Cos 0 is independent of the coordinates of the point of intersection, the angle at Q is also
equal to 6.

Theorem : If '0' is the angle between the intersecting circles S =x* + ? + 2gx + 2fy + ¢ = 0 and
S'=x*+)*+2g'x+2 f'y+ ¢ =0, then

c+c' —2gg" -2 ff"

Show that Cos 6 - \/g2 e c\/(g’)2 v e
Proof:
Let C, and C, be the centres and », and r, be the radii of the
given circles Xy +2gx +2fy+c=0 (1)
and X+yP+2g'x+2f'y+c" =0 ...(2) respectively.
Then  C,=(-g ) C,=(-g' ~f")

=g+ -c r =g +(f) ¢
d=CC, = (g g +(f'=f (- distance formula)
= (&)’ +g>+(/N) + [ - 2gg' -2 /"
Ldi - - = (@) () S - 288 -2
—(@+ -0 -[g) +(f)’ -]

= —2gg'-2ff"+c+c'

=c'+c—-2gg"' -2ff"'

If '0' is the angle between the intersecting circles (1) and (2) then
d2 ,,12 _ rzz

2nr,

cosO =

_ c+c' —2gg' -2ff
2x @+ 7 —c x (@) +(f1) —¢

Hence proved.
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Definition : Two intersecting circles are said to be orthogonal, if the angle between them is a right
angle, that is 90°.

Condition for orthogonality

The condition for orthogonality of two intersecting circles

S=x>+)?+2gx+2fy+c=0 and S' =x*+)’+2g'x+2 f'y+c" =0is

28"+ 2ff"=c+c’

or d* = r12 + r22 where d = distance between the centres of the circles.

r, , r,are their radii.
Theorem :
@ IfS=0and S'= 0 are two circles intersecting at two distinct points, then S — S" =0
represents the common chord of these circles.
(i) IfS=0and S'=0 are two circles touching each other, then S— S" =0 is a common tangent at

the point of contact.
Theorem : If S=x>+)?+2gx+2fy+c=0 and L =Ix+ my +n =0 are the equations of a circle
and a straight line respectively intersecting each other, then the equation S +AL=0 represents a circle
passing through the points of intersection of the circle S=0 and thelineL=0, v A € R.

If A and B are the points of intersection of the circle S =0 and the line L=0

Then the equation of any circle passing through A and B can be taken as (S +AL) =0

(*.- There are many circles passing through A and B)
Theorem : If S=x>+)?+2gx+2fy+c=0 and S' =x>+)?+2g'x+2 f'y+ ¢ =0arethe
equations of two intersecting circles, A and p are any real numbers such that A + p # 0, then
AS+uS" =0 orS+kS" =0, k € Rrepresents a circle passing through the points of intersection of
the circles S=0and S' =0.
Note : If the circle S=0 and S’ =0 intersect at A and B, then the equation of common chord AB is
S-S=0
So the equation of any circle passing through A and B can also be taken as S +A(S — S") =0, where
A € R taking thelineL=0in S+ AL=0 as L=(S—-S")=0
So the equation of any circle passing through A and B can be taken as S + kS'=0, where k € R

or AS+uS' =0, where A, un € R.

or S+A(S—S")=0, where L € R.

Radical axis of two circles

Definition : The Radical axis of two circles is defined as the locus of a point which moves so that its
powers with respect to the two circles are equal.
Theorem : If S=x2+)?+2gx+2fy+c=0 and S' =x>+)?+2g'x+2 f'y+ ¢ =0 aretwo
non-concentric circles, then their radical axis is a straight line whose equation is .
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Note :
1) Inthe equation S—S' = 0, the circles S=0and S’ =0 should be in the standard form with
coefficient ofx? and coefficient of)?, both equal to one.
2) Forthe concentric circles with distinct radii, the radical axis does not exist, since there is no point,
whose powers w.r.t the two distinct concentric circles are equal.
Theorem : The radical axis of any two circles is perpendicular to the line joining their centres.
Theorem : The radical axis of two circles is
1) The'common chord' when the two circles intersect at two distinct points.
i) The'common tangent' at the point of contact when the two circles touch each other.
Theorem : The radical axis of any two circles (whose commen tangent is not perpendicular to the line
joining the centres) bisects the line joining the points of contact of common tangent to the circles.
Theorem : If the centres of any three circles are non-collinear, then the radical axes of each pair of the
circles chosen from these three circles are concurrent.
The three radical axes, S-S’ =0, S'—S”=0 and S—S” = 0 are concurrent at P.
This point 'P'is called as the radical centre.
Definition : (Learn the definition - very important)
The point of concurrence of the radical axes of each pair of the three circles whose centres are non-
collinear is called as the Radical centre.
Note : The lengths of tangents drawn from the radical centre to these three circles are equal.
Theorem : If the circle S = x> + y? + 2gx + 2fy + ¢ = 0 cuts each of the two circles
S'=x+)*+2g'x+2f'y+c =0 and S"=x>+)*+28"x+2f"y+ c" =0 orthogonally,
then the centre of S =0 lies on the radical axis of S" =0and S” =0.
Theorem:Let S’ =0, S”=0 and S"" =0 be three circles whose centres are non collinear and no
two circles of these are intersecting, then the circle having
(1) radical centre of these circles as the centre of the circle and
(i) length oftangent from the radical centre to any one of these circles as radius, cuts the given
three circles orthogonally.
We apply this theorem in solving the problems.

PROBLEMS

1.  Findthe angle between the circles
X+y+4x—-14y+28=0 ¥*+)*+4x-5=0

Sol: Given circles are
S=x*+)y*+4x—-14y+28=0 and S'=x*+)*+4x-5=0
2¢=4, 2f=-14, ¢=28 2g'=4,2f"=0, ¢'=-5
= g=2,2f=-7, ¢c=28 = g'=2, f'=0, ¢'=-5
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Centre=C,=(-g.)=(27)  C,=(-g"~/)=(2.0)
divs =g’ + />~ r= gy +(/) ¢ =\ar0+5 =0
"= J4+49-28 =3
=25=5

d=C,C, = (242 +(1-0) =7
If O isthe angle between the circles, then
d* -t —r}  49-25-9

cosO = =
2K, 2x5x%x3
B 2><15:5><3 :%:cos600
= 0=060°.
.. The angle between the circles is 6(.
Second Method :
Given circles are
S=x*+y"+4x—14y+28=0 and S'=x*+)*+4x+0y-5=0
2¢=4 = g=2 2¢g' =4 = g'=2
2f=-14 = f=-17 2f/=0 = f'=0
c= 28 = c= 28 c'=-5 = ' =-35

If '0' is the angle between the curves, then
c+c'—2gg" -2 ff"
2xyg? + £ —e x (g +(f) = ¢
28-5-8-0
2x/4+49-28 x/4+0+5

cosO =

_ 51
C 2x5%x3 2
= cos 60°.

.. The angle between the two circles is 60.
2.  Ifthe angle between the circlesx? +)? — 12x— 6y +41=0and x*+)*+kx +6y—59=01s
459 then find k.
Sol: Given circles are
S=x*+y"+kx+6y—59=0 and S'=x*+)? - 12x—6y+41=0
2o =k 2f=6, c=-59 2g =—12,2f" =6, ¢' =41

k
= 8= 5 f=3,¢c=-59 =g =-6, f'=-3, c'=4l.
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Sol:

The angle between the circles is 45° = 6 =45°.
c+c' —2gg' -2 ff"

2x\g? + 17 —ex (&) +(f) —¢'

—59+41+ 6k +18

/ 2
2 k4+9+59 x~/36+9—-41

3k

L > 6k ~
2 2 [
? k4+68 x4 k4+68><\/z

Squaring on both sides we get

. cosO =

= cosd5’ =

1__ 6
(k:+68J x 4
K2

= 209k%) = {T+ 68}4

18k* = k> + 272
m_

Y e

Show that the circles x> +)? —2x — 2y —7=0and 3x*+ 3)? — 8x + 29y = 0 intersect each

—  17k= 272 = k=

other orthogonally.
Given circles are

S=x2+)2—2x-2y—-7=0 and § =x2+y2—§x+23—9y+0=0
Always write the equations of the circles with coefficient of x* and coefficient of )* as one, ie,

in the standard form

2 2
2
So, 3x2 + 3)? — 8x + 29y = 0 33%_,_3%_8?’5_'_ 2)’20

=>x+y ' ——+—7"=0
T
’ _8 _4
2¢=-2, = g=-1 28" = — = g' =—
3 3
,_ 29 29
2f=-2 = f=-1 2f =3 :f':?
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8.9 8- 21,
3 3 3 3
ctc =-7+0=-7
Since the condition 2gg’+2ff' =c+c' is satisfied by the circles S =0 and S' =0, they
intersect each other orthogonally. Hence proved.
4.  Find k, if the circles x* + y* + 2by — k=0 and x?+)? + 2ax + 8 = 0 are orthogonal.
Sol: Given circlesare S =x>+)?+2by— k=0
and S'=x?+)*+2ax+8=0

2g=0 2¢'=2a
2f=2b 2f'=0
c=—k ¢’ =38.

= g=0, f=b, c=—k, g'=a, f'=0, ¢ =8.

It is given that the circles S=0 and S’ =0 are orthogonal.
= 2gg'+2ff"=c+c’

= 2(0) (@) +2(b) (0)=—k+8

= 0=—k+8

= k=28.

3n

5.  Show that the angle between the circles x>+ )?>=a? and x> + y* =ax + ay is R

Sol: Given circles are S=x>+)>—a*=0

and S'=x>+)*—ax—ay=0.

—a

2¢=0, =g=0 2g'=-a :>g'=7
, —a

2f=0 = f=0 2/ =—a :>f"=—5
c=-a* =c=-a c¢"=0 = ¢ =0.

If'0" is the angle between the circles S=0 and S' =0 then
c+c' —2gg' -2 ff"
2x\g? + [ = e x (g +(f) ~¢

cosO =

—a*>+0-0-0
2 2

20+0+a> x %r+97—0

4
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2.a.$
)
2 _\/Ex\/i

= cos(180 — 45%)
= cos 135°.
3n

.. cosO=cos —/.
4

3n
.. The angle between the circles S=0 and S'=0 is e Hence proved

Essay Problems
6.  Findthe equation of the circle which pass through (1, 1) and cuts orthogonally each of the circles

X*+)P—-8x—-2y+16=0 andx*+)* —4x—-4y—-1=0

Sol: Let the circle required be x2 +)? + 2gx + 2fy +¢=0 (1)
It passes through (1, 1) = 12+ 12+2g(1) +2f1)+c=0
= 2g+2f+tc+2=0 ..(2)
(1) is orthogonal to the circles S'= x2+)?—8x—2y+16=0
— g9 +2f =c+ ¢ (2g'=-8 = g' =4
— 29(-4)+2f(-1)=c+16 2f1==2 = fr=-1
— —8¢ —2f—c-16=0 -.(3) ¢ =16 = ¢' =16
Again (1)isorthogonalto x*>+)?—4x—-4y—-1=0 : :
= 2gg' +2ff' =c+ v2g'=-4 = g =-
= 2¢(-2)+2(-2)=c— 1 2f1=—4 = [ =22
= —-4g —4f —c+1=0 ..(4) ¢’ = -L D
Solving (2), (3) and (4) :-
Q) = 20 +2f+c+2=0 (3) =8¢ —2f —c—16=0
(3) = -8z -2f—c-16=0 (4)—4g —4f —c+1=0
+ o+ o+ -

—6g —14=0 —4g +2f —17=0
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-14 -7 ( 7)
T _ = 4| ——| +2f-17=0
~ & ¢ 3 3) 7Y
:%+2f—17:0
23 23
/ 3 / 6

Substituting the values of 2'and 'f"in (2),

we get 2(%} +2(%j+c+2=0

:>_Tl4+2+c+2:0

14 23 14-23-6  -15
S c=—-222 = =—2 =_5
3003 3 3

Substituting the values of g, f, cin (1) we get the required circle as

x2+y2+2[_—7)x+ 2(§jy -5=0
3 6
= 3x*+3) - 14x+23y—-15=0
7.  Find the equation of the circle which is orthogonal to each of the following 3 circles.
Xty +2x+ 17y +4=0,x>+y*+Tx+6y+11=0.and x* +)? —x + 22y + 3=0.
Sol: Given circles are
S =x+y’+2x+17y+4=0 ..(1)
S"=x+y’+7x+6y+11=0 ..(2)
S" = x+y?=x+22y+3=0 ..(3)
let S =x*+y?+2gx + 2fy +c¢=0...(4) be the required circle orthogonal to (1), (2) and (3)
Then (1) and (4) are orthogonal

= 2gg'+2ff" =c+c’ w28 =2=g'=1
17 17
= 2g(1)+2f By =c+4 21" =17 = f’=?
=2g+17f=c+4 ..(5 c' =4
Again (2) and (4) are orthogonal
- 77
= 2gg" +2ff" =c+ " v 2g" =7 :>g”=5
3+ (3) :
=2g > +2f 5 =c+11 2f"=6 = f =3
= Tg+6f = c+11 ...(6) ¢ =11. y

Again (3) and (4) are orthogonal
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~ D)

= 2gg" +2f f" =c+ " v 2g"M=-1 = g" = 5

1
:>2g[—5) +2f(11)=c+3 2" =22 = =1
= -—g+t22f=c+3 -(7) _¢" =3 D
Solving (5), (6) and (7) we get
5) =2+ 17f= ¢ +4 6) = 7g+ 6f = ¢ +11
6) => 7g+ 6f= ¢ +11 (7) = —g+22f = ¢+3

- _ - + - _
-5¢ +11f =-7 -.(8) 8g—16f = 8 ..(9)
Solving (8) and (9), we get
8(-5g + 11f =-7)
5( 8g—16f = 8) Substituting f =-2 in (8)
—40g + 88f=-56 we get
40g — 80f=40 =S5g+ 11(=2)=-7
8f=-16 = —5¢g=-7+22=15
-16 15

f=— =>g=—-="3

f=-2 g=-3
Substituting the values of 'g' and 'f" in (7) we get

—-g+22f=c+3
= 3+22(-2)=c+3

-~
Substituting the values of 'g' 'f"and 'c'in (4), we get the required circles as
X +yP+2(=3)x+2(2)y—44=0
=S x+)yP-6x—-4y—-44=0

8.  Find the equation of the circle passing through the origin, having its centre on the linex +y =4
and intersecting the circlex? + y* —4x + 2y +4 =0 orthogonally.

Sol: Let the required circlebe S=x>+)?+2gx+2fy+c=0 (1)
It passes through origin = ¢=0 -(2)
Its centre (=g, —f') lies on the line x + y =4
= ()t ()=4 = g-f=4 -(3)
(1) intersects the circle S" =x*+)*—4x+2y+4=0 ..(4)

orthogonally
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= 2gg' +2ff" =c+ V28 =4 =g =-
= 2g(-2)+2f(1)=c+4 2" =2=f"=1
= —4g+2f=0+4 [-: c=0] c' =4

= 2(2g+f)=4

= 2g+f=2 ..(5)

Solving (3) & (5) we get

—g-f=4

—2g+f=2 Substitutingg=-2 in (3) we get

-3¢ =6 ~(-2) ~f=4

:>g=_£3 =>—-f=4-2=2

= ~[F==7
Substituting the values of g, f and ¢ in (1) we get
X2+ +2(-2x+2(=2)y=0
= X*+y'—4x—4y=0.
9.  Findthe equation of the circle which passes through the points (2, 0), (0, 2) and orthogonal to the
circle 2x* +2y* + 5x — 6y + 4 =0.
Sol: LetS=x*+)y*+2gx+2fy+c=0 ...(1) be the required circle.
It passes through (2, 0)
= 22+ 02+2g(2) +2/(0) +c=0

= 4g+c+4=0 ..(2)
Circle (1) passes through (0,2) = 0*+22+2g(0)+2f(2)+c=0
= 4f+c+4=0 ..(3)
Circle (1) is orthogonal to 2x* +2)? + 5x — 6y +4=0
. 5 6 4
thatis x?+ )’ +=x——y+—==0
YT
4 5 5 )
= 2gg +2ff =c+ w28 ===
5 -3 -6 -3
= 2 [—j+2 (—): +2 21 = — g
gl t3fl=5)=¢ I'=7 =1"=73
c’=g:2
\ S
:>57g—3f:c+2 ..(4)

Solving (2), (3) and (4) we get
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2) = 4g+c+4=0 2) = 4g+c+4=0
5
() = 4f+c+4=0 4) = 7g —3f—c-2=0
_ 5o
4g—-4f=0 4g+7—3f+2:0
= 4g=4f But g=f
=g=f :>4g+57g—3g+2:0
- 8g+5g—6g+4:O
2
= T7g+4=0
—4
= g=—=/

7
From (2) - c =-4g-4

:_4[__4)_4 = E_4 _16-28 12
7 7 7 7

Substituting in (1) we get the required circle as

. —8) (—8) 12
+y +H —|x+|—|y-——=0
vy (7 77

= TxX*+ 7 —8x—-8y—12=0 Ans.
10. Find the equation of the circle which cuts orthogonally the circlex? +)? —4x+2y—7=0and

having the centre at (2, 3).
Sol: Let the required circlebe S= x*+)?+2gx+ 2y +¢c=0 ...(1)
Its centre is (2, 3) = (—g,—-f)=(2,3)
= —g=2,—f=3

- [g=3 [==
The circle (1) is orthogonal to S = x>+ —4x +2y—-7=0
= 2gg’ +2ff" =c+ [ 2g =-4,2f" =2, ' =-T]

= 2(-2)(-2)+2(-3)(1)=c—-7
=8 -6=c-7
-
substituting in (1) we get the required circle as
X+ +2(=2)x +2(=3)y+9=0
= X*+y'—4dx—-6y+9=0.
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11.

Sol:

12.

Sol:

Find the equation of the circle passing through the points of intersection of the circles
X+yP—=8x—6y+21=0andx*+)*—2x—15=0 and (1, 2)
Given circles are
S=x*+)y?-8x—-6y+21=0
and S'=x*+y’-2x—-15=0
Now S -8 =x*+)y"—8x -6y +21 — x*—y*+2x+ 15

=—6x — 6y + 36
We know that, the equation of any circle passing through the points of intersection of the circle S
=0and S’ =0is S+A(S-S") =0, A € R
So let the required circlebe S+A(S—-S') =0
= X*+)?-8x—-6y+21+A(-6x—6y+36)=0 (1)

It passes through (1, 2)
= 12+22-8(1)—6(2) + 21 + X(=6(1) = 6(2) +36)=0
= 1+4-8-12+21+A(-6-12+36)=0
= 6+A(18)=0
-6 -1

7\‘ = —_—
AT R
Substituting A = —% in (1), we get the required circle as

xX*+y'—8x—6y+21+ _?1 (=6x — 6y +36)=0
= X+ -8x—-6p+21+2x+2y—12=0
= X+’ -6x—-4y+9=0
If x +y=3is the equation of the chord AB of'the circle x> +)? — 2x + 4y — 8 =0, then find the
equation of the circle having AB as diameter.
Let the given circle S =x? +)? — 2x + 4y — 8 = 0 and the line L =x + y — 3 = 0 intersect at
A and B.
Then the equation of any circle passing through Aand Bis S+AL=0
= X+ -2x+4y-8+AMx+y—-3)=0 ..(D
= X+YP+A-2x+@+A)y-8-31=0 (1)
If (1) itself is the required circle with AB as diameter then its centre

“(h=2) —(4+2)
C:( 2 0 2

] lies on the line L=0.

-(A=2) —(4+Mr)

Substituting C= [ 5 5 ) inL=0
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“(1=2)  ~(4+1)
2 2
A+2-4-1-6

2
= —-2A-8=0
8

- —2)L=38 =h== =
Substituting A =—41n (1), we get the required circle as
X+yP—2x+4y—-84x+y—-3)=0
= xX*+)y’—6x+4=0.
13. Find the equation of the radical axis of the circles 2x* + 2y? + 3x + 6y — 5 =0 and
3x*+3y = Tx+8y— 11=0

Sol: Let the circles in the standard form be

~3=0

we get,

0

2 2
S:2L+ZL+3_X+6_)/_§:0
2 2 2 2 2
3 5
=x>+1y’+ —x +3y—— =
= S=x*+y > 3y > 0
7 8 11
and S'=x’+)? ——x+-y-—=0
R S R
The radical axisof S=0andS'=0isS—-S'"=0
2 ;3 5 2 ;7 8 11
+ Y+ x4y - ¥ Y +x - Yyt —=0
= X Y 2x 3y 5 X Y 3x 3y 3
:§x+3 —§+Zx—§ +E—0
VT TR
18y —-15+14x—-1 22
:>9x+ 8y 5+6 x—16y+ _0

= 23x+2y+7=0
14. Find theradical centre of the circles
X+yP=2x+6y=0, x*+y*—4x—-2y+6=0 andx>+ > —12x +2y +3=0
Sol: Let the given circles be
S = x*+y*=2x+ 6y =0,
S'=x2+)y?—4x-2y+6=0
S" = X +3y? = 12x+2y+3=0
The radical axisof S=0 and ' =0isS—-S" =0
= 2y owrey— £ - Y +dx+2y-6=0
= 2x+8 -6=0
= x+4y-3=0 (1)
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Similarly the radical axis of S’ =0and S” =0is S’ S" =0
= Y -2+ 6 - Y 12x-2y-3=0
= &x—-4y+3=0 ..2)
Solving (1) and (2) we get the radical centre.
x+4-3=0
8x—4y+3=0
9x=0
=x=0

AW

substituting x=0 in (1), weget y =

3
. The radical centre is | 0, 1)

Note : To find Radical centre solve any two of the following radical axes : (S—S")=0, (S'— S")=0,
(S-S")=0.
15. Find the equation of the common chord and also its length of the two circles.
S=x*+y"+3x+5y+4=0 and S'=x>+)?+5x+3y+4=0
Sol: The given circles are
S=x*+)y*+3x+5y+4=0
and S'=x2+)y"+5x+3y+4=0

Forcircle S=0 Forcircle S’ =0
(—_3 —_SJ (—_5 —_3j
centre Cl— 2 Cz— 2
4 4 4 4
_[9+25-16 g :i
V4 4 J2
= 2 = i Dt CC_ [__5+3j2+[__3+§]2
> \/E istance C C, = D) D)
; 2
n+r, =—f4— = —_— +| — :\/5
SN 2 2
6 2
A= — X— :3\/5
1 2 \/E \/E

3\/§>\/§or\/§<3\/§

= CC,<r+tr,
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ro—r,=0
Ir,—r,|< CC,<|r+r,]
= The circles intersect. So the radical axis S— S’ =0 is the common chord.
= 2 P sy d - — Y o sx—3y—4=0
—2x+2y=0 orx—y =0 is the radical axis.
.. The equation of common chordis L=x—-y =0 (D)
The length of common chord is 2./,2 _ 42 ‘
where '7' is the radius of the circle S=0 “
& dis the perpendicular distance from C to the line (1)
S N
g 2 2 L I |ax; + by, +c|
= T(_DZ . formula is W
-3 -5
where (x,y,) = C = (7, 7)
1
=E _axtbytcisx—y. =>a=1,b=-1,c=0_)
Lengthof hd2(3]2(1j2291
.. Length of common chord = - | —|=| =4lz—%
¢ 2) 2 2 2
= 2 x 2=4 units.
16. Show that the circles S=x*+)?—2x—4y—-20=0 and S'=x>+)?+ 6x+2y—90=0 touch
each other internally. Find their point of contact and the equation of common tangent.
Sol: Givencirclesare S=x*+)?-2x—-4y—20=0 and S'=x*+)*+6x+2y—-90=0

For circle S=0, For circle S'=0
centre =C =(1,2) centre =C,=(-3,-1)

radius =7, = {1+ 4+20 radius =7, = \/9+1+90
=25 =5 = /100 =10
Distance C,C,= \/(_3 —1)% +(~-1-2)

= V1649 =25 =5
we observe that C C, = |r, — 7| [ 5=|5-10]]

So the two circles touch each other internally.

The equation of common tangent at the point of contact is the radical axis S-S' =0
= X+ —-2x-4y-20-x*—)y*—6x—-2y+90=0

= —8&x-6y+70=0

= —2M@x+3y-35)=0

= 4x+3y-35=0
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The point of contact P, is the external centre of similitude which divides C,C, in the ratio

r:r,=5:10=1:2externally.

mx; —nxy,  my, —m

~P=

b

m-n m-—n
[—3—2 —1—4)
“N1=-27 1-2

- (53

=(5,5)

Note : The point of contact is also the foot of the perpendicular drawn fromC, or C, to the common

17.

Sol:

tangent 4x + 3y —35=0.
Let P(h, k), C,=(x,y) =(1,2)
Then

h—x _k=y _ —(ax; +by +c)

a b a’ +b?
h-1 k-2 —(4+6-35)
s = =
4 3 4> +3°
25
= %:1, %zl
h=5, k=5.

= h-1=4, k-2=3

tangent : 4x + 3y —-35=0 1s ax+by+c=0

.. The point of contact is (4, k) = (5, 5).
Find the equation of the circle which cuts the circle x>+ >+ 2x + 4 y + 1 = 0,
2x*+ 2y*+ 6x + 8y —3 =0 and x* + y*— 2x + 6y — 3 = 0 orthogonally.

Let the given circles be
S=x*+y’"+2x+4y+1=0
3

6 8
S =x"+)’+—x+—-y—-==0
R SR

= S = x2+y2+3x+4y—%:0

and = S” =x*+1y?-2x+6y-3=0
The radical axis of (1) and (2) is S—S'

=0

[-a=4 b=3 c=-35]

(1)

2
(3)

= x2+y2+2x+4y+1—x2—y2—3x—4y+%=O
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:—x+1+§: 0
2

= x4220 ..(4)
2

The radical axis of (1)and (3)is S—S"” =0
= x2+y2+2x+4y+1—x2—y2+2x—6y+3=0
= 4x-2y+4=0
= 22x-y+2)=0
= 2x—-y+2=0 ..(5)
Solving (4) and (5) we ge the radical centre
(4):>—x+§:O :>x:§

2 2

Substituing in (5) we get

5
2[—)— +2=0
5) 7Y

=5-y+2=0
=y =7

. . 5
.. The radical centre is E 1= (x, )

5
Now length of tangent from (E’ 7] tocircleS=0 is

Sy = x12+y12+2x1+4y1+1

= \/(92 +7° +2(§j +4(7)+1

= \/%+49+5+28+1

= §+83
\ 4
3 /25+332
4

. The circle orthogonal to (1), (2) and (3) is
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(x=x)" + (r-»)* =S’

2
= (x—%] + (y=17) :3i

= x2+y2+2745+49—5x—14y = 3%

= x2+y2—5x—14y+2745+49—3%7=0

= x*+y? —5x—14y—34 =0 istherequired circle.

Second Method
Let S=x+)y*+2gx+2fy+c=0

be the circle orthogonal to

S' =¥+’ +2x+4y+1=0 2g'=2,2f"=4, ¢/ =
-0 2g"=3,2f" =4, "=

S" = x*+y*+3x+4y -

N | W

-3

S"= x*+y’-2x+6y—-3=0 2g"M==-2,2f" =6, " =-

S=0and S' =0 are orthogonal

= 2gg +2ff" =c+

= 2g(1)+2f(2)=c+1 = 2g+4f=c+1
Again

S=0and S" =0 are orthogonal

= 2gg" +ff" =c+ e

= 2g[%}+2f(2):c—% = 3g+4f:c—%

Again S=0and S"" =0 are orthogonal

= 2ggm +2ffru =C+ clH

= 2g(-1)+2f(3)=c-3 = 2g+6f=c-3
Solving (1), (2) and (3), we get

(1) = 2g+4f =c+1 (1) = 2g+4f=c+1
3
(2) = 3g+df=c- 7 (3) = —2g+6f=c—3
- - -+ + -

4g —2f=4

(1)

(2)

-.(3)
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-5 -5
=>|lg=— = 4(—] -2f=4
8= 5) =2
= -2f=4+10
14
=— =-7.
/ -2
o -5 .
Substituting g = B3 &f=-71in(1), we get
-5
2[—] +4(-7)=c+1
2
= -5-28-1=¢c = c=-34
Substituting the values of ig’, ‘/” and ‘c’ in S = 0, we get the required circle as
xX*+y*=5x— 14y —-34=0.
18. Show that the common chord of the circles x*+)?—6x—4y+9=0and

x*+y?—8x— 6y +23=0is the daimeter of the second circle and also find its length.

Sol : Given circles are

S=x*+y"—6x—4y+9=0 2¢=-6, 2f=—-4, c=9
and S'=x2+)y?-8x—-6y+23=0 2g'=-8,2f" =-6, c'=23
For circle S=0 For circle 8" =0
Centre = C, =(3,2) Centre = C, = (4,3)

raidus=r1:\/9+4—9 =2 radius=r2 =+16+9-23 =\/§

Distance C,C, = \/(4—3)2 +(3-2) =2 <2+42.
|~ <CC <t ["2-42 = 2-1.414 =0.586]
= Thecircles are intersecting circles.

r

The common chord is the radical axis S— S" =0

= x’ +y2 —6x—4y+9—x2 —y2 +8x+6y—-23=0

= 2x+2y-14=0

= x+y—-7=0..(1) isthe common chord

To show that it is the diameter of second circleS" =0 :-

Centre of S' = 01is (4,3)

Substituting (4,3)in 1, weget4+3-7=0

— The centre of the circle S’ = 0 lies on the radical axis that is, the common chord AB of the
circlessS=0& S' =0.

.. The common chord is the diameter of the second circleS’ =0.
Hence proved.

.. Length of common chord
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= length of the diameter of circle S’ =0
=2 X radius of circle S’ = 2 \/5 units
OR

Length of common chord = 2+/r> — d*
where r =radius of circle S=0
d = length of the perpendicular from the center C, = (3,2) to the chordx +y —7=0

_Jax;+ by, +c|
- W (formula)
|3+2 7| 2

V12412 2

R
22

Length of common chord = 2V r*—d?

= 2x4/22 = (V2)?
= 2x+/4-2
— 242 units.

19. Find the equation of the circle whose diameter is the common chord of the circles
S=x*+y"+2x+3y+1=0and S' = ¥*+)’+4x+3y+2=0
Sol : Given circles are
S=x*+y*+2x+3y+1=0
and S'=x’+)?+4x+3y+2=0

l\)

For circle S=0, For circle S' =0,
(3] 23)
Centre =C, = 5 Centre =C, = '
i 1 2 1 i 4 0 2
radius =r =, /1+ 1 radius =7, = 4[4+ 1
9 3 9 17
4 2 4 2
p =250

2 2
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2
3
Distance C,C, = \/( 2+1)% + —+2j

=1.

(3 J17)
< LE-F—

2

= |n-n| <GGC <[r+n]

—  The two circles intersect each other and the common chord AB is the radical axis
S-S"=0

= eyt a3yt 1-xt - Y o4ax-3y-2=0

= -2x-1=0

= 2x+1=0

Let L=2x+1=0

We know that the equation of any circle passing through the points A and B is

S +AM(S— S")=0 where A and B are the points of intersection of the circles

S=0and S’ =0

“S+MS-S")=00rS+AL=0

= X+ +2x+3y+1+A2x+1)=0

= X*+y+Q2+2Ax+3y+(1+1)=0 (1)

2+2)) -3

> 7) lies on the

b

If (1)itselfis the circle with AB as diametre, then its centre P (—

radical axisL=0

- 2[—(2”7“)] +1=0

2
= -2-2A+1=0
= 2h =-1

1
= A =75

Substituting A value in (1), we get the required circle as

e 22 -g) freare 1)
+y + 2+2[—— +3y+{1-=|=0
X +y { 2) XY >

1
= x2+y2+x+3y+5: 0

= 2x%+ 2y?+2x+6y+1=0.
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Conic Sections

The Circle, parabola, ellipse, hyperbola, a pair of intersecting straight lines; a straight line and
a point are called as conic sections because each is a section of a double napped right circular cone

with a plane.

Note: A pair of parallel straight lines is not a conic section as there is no plane which cuts the

cone along two parallel lines.

The generated conic sections are a circle, an ellipse, a parabola, a hyperbola. The

degenerated conic sections are a point, a straight line, a pair of intersecting straight lines.
Conic

Definition: The locus of a point moving on a plane such that its distances from a fixed point and

a fixed straight line in the plane are in a constant ratio ‘e’ is called a conic.
1. The fixed point is called the focus and is usually denoted by S.

2. The fixed straight line is called the directrix.

A~ .
3. The constant ratio ‘e’ is called the eccentricity. Directrix

4. The straight line of the plane passing through the
focus and perpendicular to the directrix is called

the axis.

M P
5. Ife =1, the conic is a parabola. ;

If 0 <e < 1, the conic is an ellipse. S “axis

A
y
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If e > 1, the conic is a hyperbola
If e = 0, the conic is a circle.
6. Foci are inside the conic
7. Directrices are outside the conic and never intersect the conic.
Parabola

Equation of a parabola in the general form

Let S(a., B) be the focus and /x +my +n =0 be the directrix. Then by definition of the parobola,

SP = PM, where P(x, y) is a point on the parabola and PM is the perpendicular distance
from P to the directrix.

Ix+my+n
= J(x—a) +(y-B)’ =%, when P =(x, )
I"+m
x+my+n)’
= (x—a) +(y-PB)’ = W is the equation of
I"+m
parabola which is a second degree equation inx and y. The equation of directrix

axisis m(x—o)—I(y—p)=0.

V Imp LAQ

Theorm. Derive the equation of the Parabola in the standard form as j* = 44x
Proof: Let ‘S’ be the focus and / be the directix. Y

Let 73 be the axis which is passing through the focus,

S, and perpendicular to the directix /. M b

Let ‘A’ be the midpoint of Z, S and ‘A’ be the origin. X’ Z A S X
Then ZA = AS.

Let ZA =AS = a and AS be the positive x-axis and v

AZ be the negative x axis. Let YAY' be the y-axis,
Then A = (0,0), S = (a,0), Z = (-a,0)

The directrix / is parallel to y-axis and passes through Z. .". Its equation is x =—a or x + a = 0.
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Let P(x,, y,) be any point on the parabola.

SP
Then according to the definition, M 1

= SP=PM

— SP? = PM*

where PM = perpendicular distance from P to the directrix x + a =0

|xl +a| |ax1 +by, +c|
PM IWIPQ +a| [~ Formula: —7/—— i p?
= SP? = PM’

:>(x1 —a)2 Jr(yl —0)2 =|x1 +a|2

:>}{2/+/{2/—2ax]erlz=}/12/+%/+2ax1

= yl2 =4ax,
. The locus of P is y* =4ax , which is the required standard equation of the parabola.

Nature of the curve of the parabola y* = 4ax , (2>0)

1. If the curve passes through origin, thenx =0 = y =0.
2. The y-axis is a tangent to the parabola at the origin.
3. For any positive real value of x, we obtain two values of y of equal magnitude but of

opposite in signs. So the curve is symmetric about X-axis and lies in the first and fourth

quadrants (" x>0). The curve doesnot exist on the left side of y-axis.

4. As x — 0,y — + . So the two branches of the parabola lying on opposite sides of the
X-axis extend to infinity towards the positive direction of the X-axis. Hence it is an open
curve.

5. For the parabola j* = 4qx,(a > 0) the focus S is (a, 0), directrix is x + @ = 0 and axis

is y = 0. The vertex is A(0, 0).
6. If the vertex is at (h,k) and the axis of the parabola is parallel to X-axis then the equation
of the parabola is (y—k)2 =4a(x—h).
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Definitions:
1. The line joining two points of a parabola is called ‘a chord’ of a parabola.
2. A chord passing through the focus is called a ‘focal chord’.

3. A chord through a point P on the parabola, which is perpendicular to the axis of the
parabola, is called the ‘double ordinate’ of the point P.

4. The double ordinate passing through the focus is called the ‘latus rectum’ of the
parabola.

5. Length of latus rectum is 4a, (a > 0)
Extremities of latus rectum are (a, 2a) and (a, —2a)

Note: When the latus rectum is known, the equation of the parabola is known in its
standard form, and the size and shape of the curve are determined accordingly.

Definition: The distance of a point on the parabola from its focus is called the ‘focal
distance’ of the point.

Formula: The focal distance of the point P(x, y,) on the parabola y* = 4ax

whose focus is S(a, 0)is SP

= PM A%
/
=X, + a M PG, )
|
Parametric equations of the parabola |
y* =4ax :
X'e——tEdAe—g = > X
Z Al S N
The point P(at’,2at) satisfies the equation
(=]
y* =4ax of a parabola vz eR. L
P
|x=at’,y=2at| are the parametric VY’

equations of the parabola ) = 4gx . Any ‘point t’or P(t) is P(at*,2at)

Notation:
S=y"—4ax
S, =y —2a(x+x)
S, =y —4ax,

S, =y, —2a(x, +x,)
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Position of a point w.r.t the parabola )* =4ax or S=y’—4ax=0

The part of the parabola which contains the focus is called the interior of the parabola and the other
is called the exterior of the parabola.

(i) P(x,, ) lies outside the parabola § = y* —4ax=0<>S,, >0  Exterior
(outside)

(it) The point P(x;, y,) lies on the parabola S =0 < S, =0

Interior (inside)

(iii) The point P(x,, y,) lies inside the parabola S =0 < S, <0

Various forms of the Parabola

Parabola
@) The focus is situated on the right side of directrix.
I. The axis is X-axis II. The axis is parallel to X axis
N OAY ¥
l T /
A L,
X' € A o > [ Al s V- k=0
S(a, 0) X
T AN
E .
“ N'e (1 y X
Yy Vv
YI
Equation of the Parabola  :y? =4ax,(a > 0) (y—k)* =4a(x—h),(a>0)
Vertex (A) : (0, 0) (h,k)
Focus (S) : (a, 0) (a+h,k)
Directrix X=—a x—h=—-a
axis :y=0 y—k=0
Length of latusrectum 2 da 4a

Extremities of Latusrectum :(a,+2a) (a+h, £2a+k)
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(i1) The focus is situated on the left side of directix
I. The axis is X-axis II. The axis is parallel to X axis
Y4 y -
gl
D
=
A
X' < < >X ®
8(-a,0) S A y—k=0
o
I
v
Y’ 3 X'< >X
\ W

Equation of the Parabola  :y? = —4ax,(a>0) (y—k)* =—4a(x—h),(a>0)

Vertex (A) : (0, 0) (h,k)

Focus (S) : (—a, 0) (—a+h,k)
Directrix X=a x—h=a

axis :y=20 y—k=0

Length of latusrectum cda 4q

Extremities of Latusrectum :(—a,+2a) (—a+h,f2a+k)

(iii) The focus is above the directrix and the axis of the parabola isy-axis or parallel to y-axis

I. The axis is Y-axis IL. The axis is parallel to Y axis
Y W A
45(0.0) ®S
XI < A —> X X' A > X
< - N y—k+ta=0 =
yyr rraso J Y x—h=0
Equation of the Parabola  :x* = 4ay (x—h) =4a(y—k)
Vertex (A) : (0, 0) (h,k)
Focus (S) : (0,a) (h,a+k)
Directrix y=-a yv—k=-a
axis :x=0 x—h=0
Length of latusrectum 2 da da

Extremities of Latusrectum  :(+2a,a) (ht2a,a+k)



| Parabola | 91

(iv)  The focus is below the directrix and the axis of the parabola isy-axis or parallel to y-axis

rY
< T y—a=0 y—k—a=0 _
X' A - A
®S
4
$(0,~a)
X'< / \ > X
\ Y/ fo y X— h=0
Equation of the Parabola  :x* =—-4ay,a>0 (x-h)’=-4a(y—k),a>0
Vertex (A) : (0, 0) (h, k)
Focus (S) : (0, —a) (h,—a+k)
Directrix y=a v—k=a
axis :x=0 x—h=0
Length of latusrectum 2 da 4a
Extremities of Latusrectum  :(+2a,—a) (h*£2a,—a+k)
v) Inclined Parabola
Equation of parabola is
Y . Ix+my+n)’
‘ axis (x—a)2+(y—B)2=%
I“+m
N Focus (S) = (a,B)
(o, B) Directix : Ix+my+n=0
A Axis = m(x—a)—-I(y—-p)=0
X' € ‘/ \ >X
Yy directrix

Note: If the focus S lies on the directix, then the locus is a straight line passing through S and
perpendicular to the directix. It is a degenerated parabola.

Note: 1) The equation of the parabola whose axis is parallel
(i) to the X-axis is x =0y’ +my+n

(1) to the Y-axis is y= Ix* +mx+n where lmneR,[#0
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PROBLEMS

Very Short Answer Questions

L 1. Find the vertex and focus of 4)? +12x—-20y+67=0
Sol:  The given parabola is 4)* +12x—20y+67 =0

=4y’ -20y =—12x-67

= 4(y’ -5y)=—12x-67

2 2
5 (5Y (5
=42 -2y> 42| -| 2| |=-12x-67
(y "2 @ [2)] '
2 2
=4 (y—éj —[éj =-12x-67
2) 2
( C5Y 25| -12x-67
Y72) 4

( 5)2 “12x-67 25
>ly-—=| =——+—

4 4

5 —12x-42
4

-12 x+£
12

- 4

(g4

This is in the form (y —k)* = —4a(x—h)

-5 7 3

—k=—,-h=—,-4a=-3=a=—

where > > 4
sh="l k=243
2 2 4

For the parabola (y —k)* = —4a(x — h), the vertex is (h,k) and focus is (h—a,k)

75
-, for the given parabola, the vertex is (1. k) = (—E,Ej

Focus = S = (h—a,k)
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2. Find the vertex and focus of x* —6x-6y+6=0
Sol.:  Given parabolais x> —6x—6y+6=0
=x-2x3+3-3"-6y+6=0

=x’-2x3+3=6y+3

2 _ 3
= ((x-3) —6(y+6j

o fo ()

This equation is in the form (x — 4)* = 4a(y —k)
:>h:3,k:—%, 4a=6

3
=>a==

1
. The verex is (1,k) = (3’_5j

1 3
Focus = (h9k+a)=(3’_5+zj=(3al)

3. Find the equations of the axis and directix of the parabola y* + 6y —2x+5=0.

Sol.:  Given parabolaisy® +6y—2x+5=0
=" +2.9.3-2x+5=0
=17 +2.3+3 -3 -2x+5=0
= (y+3)° =2x+4
= (y+3)=2(x+2)
This equation is in the form (y —k)* = 4a(x - h)
k=3,~h=2,4a=2

:>k=—3,h=—2,a=l,
2
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The axis of the parabolais y—k=0= y+3=0
The Directrix of the parabolais y— 4 =—¢g

:>x+2+l:0
2

=2x+5=0
Long Answer Questions
4. Find the coordinates of the vertex and focus, the equation of the directrix and axis of the
following parabolas.
(i) y*+4x+4y-3=0 (i) x*-2x+4y-3=0

Sol:. (i) The given parabolay® + 4x+4y—-3=0

= 1" +2.92+4x-3=0

= ?+2.92+2° -2 +4x-3=0

= (y+2)’—4+4x-3=0

= (y+2) =—4x+7

= (y+2)° :—4(x+l4j

This equation is in the form (y —k)* = —4a(x - h)

7

where —f =2, —4q=-4, _h:__4

k=2 a=1h="
4

7
- The vetex is = (4,k) = (Z’_zj
7
Focus is = (h—a.k)= (Z—L—Zj

£

) . 7
Directrix is x—h:a:x—zzl

=4x-11=0
Axisis y—k=0 = y+2=0
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Sol: (i) The parabola is x* —2x+4y—-3=0

=x"-2x1+1"=1"+4y-3=0
= (x-1°-1+4y-3=0
= (x-1)°=-4y+4
= (x-1)°=-4(y-1)
This equation of parabola is in the form
(x—h)* =—4a(y-k)
=>h=1Lk=1 4a=4 = a=1
.. The vertex is = (h,k) = (1,1)
Focus is = (h,k—a)=(1,0)
Directrix is y —k = a
=>y—k—-a=0=y-2=0 Ans
AXiSiS x—h=0
=>x-1=0
Long Answer Question
5. Find the equation of the parabola whose axis is parallel to X-axis and which passes through
the points (-2, 1), (1, 2) and (-1, 3).
Sol.  The axis of the prabola is parallel to X-axis
So let the parabola be /y* + my+n = x. _ (D
(Since vertex is generally denoted by A, we take the points as P, B, C).
Now it passes through P(-2, 1)

=11 +m()+n=-2

=>l+m+n=-2 @
Similarly, it passes through B = (1, 2) and C (-1, 3)
=12 +m2)+n=1 and /(3)* +m(3)+n=-1

=4l+2m+n=1 __ () and 9/+4+3m+n=-1 _ (4
Solving (2), (3) and (4) for [,m,n we get

I + m+n=-=2 I + m+n=-2
4 +2m + n= 1 9l +3m + n=-1

_ _ _ _ _ +
3l —m =3 ~8/-2m  =-1 _ (6)
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= @l+m=3)x2 _ (5)

8/ +2m=1 _(6)
— 6l+2m=6
8l+2m=1
2 =5 =|l=—3

o 5. 15
Substituting / = -3 in (5), we get ?—m =-3

From (2), we get n=-—2—-/—-m

:>n=—2+§—2:—10

2
=|n=-10]

Substituting the values of /,m,n in (1), we get the required parabola as
_5 2 21
—y +—y-10=x
2 4 2 4
— 2 —
N Sy°+ i 1y—-20 _y

= —5y>+21y-20=2x

=5y* =21y +2x+20=0.
6. Find the equation of the parabola whose axis is parallel to y-axis and which passes through

the points (4, 5), (-2, 11) and (-4, 21).

Let the points be P(4, 5), Q(-2, 11) and R(—4, 21).

The axis of the parabola is parallel to y-axis.

Sol.

So, let the parabola be x> +mx+n=y. _ (1)

Now it passes through P(4, 5)
=14 +m(4)+n=5.
=16/+4m+n=>5

@
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Again, it passes through Q(-2, 11) and R = (-4, 21)
=1(-2)+m(-2)+n=11 and [(—4)’ +m(-4)+n=21

=4 -2m+n=11 __ (3 16/—4m+n=21 (4
Solving (2), (3), (4) for /,m,n, we get.
2) =16/+4m+n=5 B) =4-2m+n=11
(3) :>4l;2m+n:11 4) :>161J—r4m+n:21
127 + 6m = —6 12/ +2m =-10
=6l+3m=-3 —(5) =-6l+m=-5 __(6)

S) = 6/+3m=-3
6) = —6l+m=-5
dm=-8 =
Substituting in (6), we get —6/ —2 =—5
=-6/=-5+2
=-6/=-3

= |l=—
2

Substituting the values of/ and m in (3),

we get 4(%}—2(—2)+n =11

=2+4+n=11

=[n=5|

Substituting the values of /, m, n in (1), we get the required parabola as
l)c2 +(-2)x+5=y
2
x> —4x+10
> — =
2

=x" —4x+10=2y

=x"—4x-2y+10=0
Long Answer Questions
7. Find the equation of the parabola whose focus is (-2, 3) and directrix is the line

2x+3y—4=0.Also find the length of the latus rectum and the equation of the axis of the
parabola.
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Sol:

Since focus = § = (-2, 3) and directrix is 2x + 3y —4 = Oare given, the equation of parabola
can be found using the definition : SP = PM.
Where P = (x, y,) is any point on the parabola and PM is the perpendicular distance from

P to the directrix.
SP = PM

2x,+3y, -4
V2% +3?

Squaring on both sides, we get

= J(x +2° +(,-3) =

13[(x, +2)° + (3, =3) | =[2x,+ 3y, - 4[
=13(x; +4x, +4+y, —6y, +9) =4x] +9y7 +16+12x,y, — 24y, —16x,

= 9x; —12x,y, +4y] +68x, =54y, +153 =0
The locus of P is the equation of required parabola.
The required parabola is

= 9x” —12xy+4y° +68x—54y+153=0

Length of latus rectum

=4a

= 22a)

= 2 x distance from focus to directrix

~ 2><|2(—2)+3(3)—4| |ax, +by, +(]

= ‘ \/m ‘ [ formula : W where (x,,y,)=S]

To find the equation of axis of the parabola:- We know that the axis is perpendicular to the
directrix and passes through the focus.

= 3
. The slope of directrix is 3 = The slope of the axis is )

3
.. The equation of axis of the parabola with slope ) and passing through S(-2,3) is

3
—3="(x+2
y 2( )

=3x-2y+12=0
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8. Find the equation of the parabola whose focus is S(1, —7) and vertex is A(1, —2).
Sol.:  For the parabola, focus = S=(1,-7)
Vertex = A =(1,-2)

Since the vertex, A and focus, S lie on the axis of the parabola, and since the x-coordinates
of S and A are same. AS is parallel to y-axis.
So the axis of the parabola is parallel to y-axis.
Since we know the vertex A =(h,k)=(1,-2), the equation of the parabola can be
(x—h)’ =+4a(y—k)
But the focus = S = (1, —7) always lies inside the parabola.
Since A is above S, the parabola is a downward type of parabola.
So its equation is (x —h)* = —4a(y—k)
Now distance AS = ¢ =[(1-1)> +(-2+7)* =5
. The equation of the required parabola is
(x=1)* =-4(5)(y +2)
= (x=1)" ==20(y +2)

Very Short Answer Questions

0. Find the position (interior or exterior or on) of the point(6, —6) with respect to the parabola

y2=6x.

Sol.  The parabolais S=y* —6x=0
Let (xl,yl) = 69_6)

Si :y12 —6x,
= (67 ~6(6)
=36-36
=0

S,, =0= The point (6,-6) lies on the parabola S = 0.
10.  Find the coordinates of the points on the parabola y* = 8x whose focal distance is 10.
Sol.  Let P(x,,y,)be any point on the parabola j* =8x.
Then y’ =8x, __ (1)

Now comparing y* = 8x with the standard parabola y* = 4ax

we get 4g =8=>[q =2]

The focal distance of P is 10 (given)
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=x, +a=10

=x+2=10 =[x =8

Substituting x, value in (1) we get ) = 8(8) = 64

=y, =1tv64 =% 8.
Therefore the points on the parabola whose focal distance is 10 are

(%, 1) =(8,8) &(8,-8)

2
of the other extremity.
Sol.  Given parabola is y? = 8x. Comparing it with 1> =4qx we get 49 =8 =
Focus = (a, 0) = (2, 0)
Let PB be the focal chord.

1
1. If (— ) 2) is one extremity of a focal chord of the parabola y* = 8x, then find the coordinates

Let P = (atf,2atl): (%,2} (parametric coordinates)

1
Sat =, da=2 =224=2
1
===
2
Let B= (atzz, 2at2)
Since PB is a focal chord, we have £z, = —1

B T N
t 12

~B=(at},2at,) = (2(—2)2 ,2(2)(—2))

= (8,-8) is the other extremity of the focal chord PB.

Long Answer Questions

12.  Prove that the area of the triangle inscribed in the parabola j*=4gx is

1
gk)’l =) =y = » )| where y,,y,», are the ordinates of its vertices.

Sol.  Given Parabolais y* =4ax __ (1)
Let P(x,,), Q(x,,,), R(x,,y,)be three points on the parabola, then ’ =4ax,,

y22 =4ax, , y32 = 4ax,
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2

2 2
:>x1=yl,x=y2 . =23

4a’ "7 44’7 4a

_ X oy
. Area of APQR 2y =y v -y,
:54a 4a 4a 4a
Vo= Vi =0
1 |(v-af) (5-7)
24a =N Ys=n
_L(yZ_yl)(yz-i-yl) s =)W +31)
~ 8a o= Ys=h

Wty Y3ty
1 1

:L(yz =) =»)
8a

1
= _|(y1 — 1)V, = y3) (s _y1)|
8a
Second Method:
Let P=(x,,y,)=(at’,2at,)
Q= (x,,,) = (at22,2at2)

R = (x,,y,) = (at,2at,) be 3 points on the parabola y* = 4ax

Then X, =at12, 2at, =y, = t, :ﬁ.
2a

2 2 2

:>x1=a& =ay12=y_1

2a 4a 4qa

1
Area of APQR = E‘Z (2 —J’3)‘

_lisw
_2‘2461()}2 3)

1

2

2 2 2

N V2 V3

Ly, =y + =2y —y) + =, -
(4a(yz V3) 4a(y3 n) 4a(y1 yz)j
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1

=§;ijﬂh—yo+yﬁ%—oﬂ+yﬂ%—y»

1
:Qjﬁ%—ﬁ%+ﬁ%—%ﬁ+hﬁ—nﬁ\

1 .
= %K% = 1,) (7, =y _y1)| Sq.units because

(y1 _yz)(J’2 _y3)(Y3 _.V1)
= =20y = Vs — Vi + ViYs)

= [T =yivs + vy = 3vi + 3vi = 3y

.1 :
. Area of APQR is @k)’l =) = y3)(s _y1)| Sq. Units.

Hence proved.
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\ Ellipse l

Definition: The conic with eccentricity less than unity is called an ellipse. An ellipse is the locus of a
point whose distances from a fixed point and a fixed straight line are in constant ratio 'e' which is less
than unity. The fixed point and the fixed straight line are called the focus and the directrix of the ellipse

respectively.
2 y2
Theorem: The equation of the ellipse in the standard formis — + e =1l,a>b
a
2 2
. . X Y
Nature of the curve of the equation of the ellipse : — + e =1, (a>b>0)

N

(1)  Thecurve intersects X-axis at A(a, 0) and A'(—a, 0), hence AA'=2a. The curve intersects Y-axis
at B(0, b) and B'(0, —b), hence BB'=2b.

Major and Minor Axes
The line segment AA' and BB' of lengths 2a and 2b respectively are called axes of ellipse.
Ifa>b, AA'is called major axis and BB'is called minor axis and vice versaifa<b.

Chord, Focal Chord, Latus rectum

1. Aline segment joining two points on the ellipse is called a 'chord' of the ellipse.

2. Achord passing through one of'the foci is called a 'focal chord".

3. Afocal chord perpendicular to the major axis of the ellipse is called alatus rectum. An ellipse

has two latus recta.
Note: The foci S, S', the vertices A, A' lie on the major axis of the ellipse.
: Xy
The standard equation of the ellipse is s + e =1, (a>b).
It is horizontal ellipse b*>=a? (1-¢?), 0<e<1
C = Centre = (0, 0), S =focus = (ae, 0), S' = focus = (—ae, 0)

Distance between the foci = Distance SS' = 2ae.
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Directrix :

a

e

=CZ=

2] -

Directrices X = Z and X = —z

a
, Z
e

So, distance between the directrices

=distance ZZ'= 2 4 .
e

Y
A
-
e 2
B
Mr / ———p Vi
X Zr Ar Se, C yA 7 >X
B!
N v
Y’

Length of major axis : Distance AA' = 2a

[A=(a, 0),A'=(—a, 0)]

Length of minor axis : Distance BB'=2b [.- B=(0,b), B'=(0,-b)]

Centre of the ellipse =C

Various forms of the ellipse

2 2

midpoint of S, S'
midpoint of A, A
midpointofZ, Z'

Ifa=b, thentheellipse — + i 1 isacircle (x*+)?=a?) with centre at origin and having radius
a

‘a’ and we are familiar with circles. We assumeda # b and in the following discussion, we describe

different forms ofthe ellipse.

2 2

Y

o X
(1) a_2+b_2:1 (a>b>0)
Majoraxis along X-axis
Length of major 2a Directrix Y Directrix
axis(AA") A
Minor axis along Y -axis
Length of minor
axis(BB') 2b B
Centre C=(0,0) X A,C A?A X
Foci S = (ae, 0), /
B !
S'=(-ae,0) ) )
) 24
Equation of x=ale
the directrices x=-—ale Fig
o a2 _b2
Eccentricity e= 3
a
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2 2
(i) 2 +2=1(0<a<b)
a> b’
Majoraxis along Y-axis
Length of major 2b
axis(BB") Y
Minor axis along X-axis < Z Directrix
B
Length of minor
axis (A A') 2a ¢S
Centre C=(0,0) X'< > x
Foci S =(0, be)
S'=(0,-be)
Equation ofthe y=ble S
directrices y=—ble X z Directrix
vY'
b*—a’
Eccentricity e= % Fig.
Centrenotat the origin

Ifthe centre is at (4, k) and the axes of the ellipse are parallel to the X-and Y - axis, then by shifting

the originto (4, k) by translation of axes and using the results (i) and (ii) above, the following results (iii) and

(iv) can be obtained.
_ h 2 _ k 2
(i &= +(yb2 ) _1, (a>b>0)
Major axis alongy=k
Length of major 2a
axis(AA")
Minor axis alongx =/
Length of minor
axis (BB") 2b
Centre C =(hk)
Foci S=(h+ae, k)
S'= (h—ae, k)
Equationof x=h+ale
the directrices x=h-ale
a’-b*
Eccentricity e= 3
a

Directrix
N

Minor axis Directrix
A

N

a\is(ff/\')
(major)
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(iv) & _2h)2 L _Zk)z =1, (0<a<b)
a b
Major axis alongx=nh Major axis
Length of the major 2b < B Directrix
axis(BB")
Minor axis alongy =k S A -
Length ofthe minor < A QR R A imoraxs
axis (AA") 2a ‘o
Centre C=(h,k) <
Foci S=(h,k + be) < 7 Directrix
S'= (h, k—be) v
Equationof y=k+ble Fig.
the directrices yv=k-ble
b*—a?
Eccentricity e = %

2 2
Theorem : If P(x, y) is any point on the ellipse x—2+ Z—z =1, (a > b) whose foci are S and S', then
a

prove that SP + S'P is a constant.

Proof®

Let S, S' be the foci and ZM, Z'M' be the corresponding directrices of the ellipse

2 2

?+Z—2:I, (a>Db).

=

Join SP and S'P where P(x, y) is a point on the ellipse. Draw PL perpendicular to x-axis and

M'MP perpendicular to the two directrices.
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By definition of the ellipse,

a
SP=e(PM )=e(LZ)=e(C2Z —CL)G(__ ] =a—xe
e

a
SP=e¢(PM")=¢(LZ)=¢e(CL+CZ")= e[x + Zj =a+ xe

.. SP+ S'P=a—xe+ a + xe=2a = constant = length of major axis

(or) SP + S'P =e(PM + PM') = e(MM")
. o 2a
= e x distance between the directrices = e X ~ =2a = constant
Auxiliary circle
The circle described on the major axis of an ellipse as diameter is called 'Auxiliary Circle' of the

ellipse.

x2 yZ
The equation of the Auxiliary Circle of the ellipse — + i L(a>b)isx*+y’ =a’.
a

Eccentric angle and Parametric equation
Let P be any point on the ellipse. Draw PN perpendicular to the major axis and produce it to
meet the auxiliary circle at Q. Then angle ACQ is called the eccentric angle of the point P.
0<0<2m
X =a cos0, y= b sin0 are known as the parametric equations

2 2

oftheellipse x_2 + Z—z =1, where 0 is called the parameter.
a

@i

X A A X
Any point P on the ellipse is (acod, bsin 0) =point 6 = P(0) ﬁ
Notation
Bl
2 2 Y
X Yy
S=—+—5-1
a b
xx, yy
Sl = a—zl + b—zl —
x2 y2
S, a—lz + b_lz 1

XX, VY
S, = ;22 + 222 -1
The point P(x , y,) lies outside, on or inside the ellipse S = 0 according as S| is positive, zero or

negative respectively.
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Problems

2
1.  Find the equation of the ellipse with focus at (1,—1),e = 3 and directrixas x+ y+2=0.

2
Sol. Letthe focusS=(1,-1), e= 3 and directrixis x+ y+2=0.
Let P(x,, y,) be any point on the ellipse.
Then according to the definition, 5—15[ =e e (1)

where PM is the perpendicular distance from P to the directrix.

PM = |ax1 + by, +c|
Na’ +b’
~ %, +», +2]
e
From (1)
.. SP=ePM

z|xl+y1+2|
3 2

Squaring on both sides, we get

= 0 =D+ (o +1)* =

2
(o1 4 (41 = R ;:1;2'
= 7x” + 7y, —4xy, —26x,+10y, +10=0
. The locus of P(x , y,) is
Tx*+7y° —4xy—26x+10y+10=0
which is the required equation of the ellipse.
2. Find the equation of the ellipse in the standard form whose distance between foci is 2 and the

length of latus rectum is 15 .
2

2 2

. X Y
Sol. Lettheellipse be — + i 1.
a

Distance between foci=2ae=2 = ae=1.

2b° _1_5
a 2

— 4b%* =15a [vb*=a’(1-e)=a’ —a’e’]

Length of the latus rectum =
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Sol.

Sol.

:>4[a2 —azez] =15a

= 4a* —4a*e* —15a=0

= 44> —15a-4=0 [ d’e =(ae)’ =1’ =1]
= (4a+1)(a—4)=0

-1
=a=—or4
4

. -1
=a=4 ['.'als+Ve,a¢T]

=b'=a"-a’e¢*=16-1=15
2 2
.. The required ellipse is —2-|-b—2 =1,
a

2 2

Y

=>—+
16 15

Find the equation of the ellipse in the standard form such that the distance between foci is 8 and
distance between directrices is 32.

2 2
X
Let the ellipse in the standard form be — + W 1.
a
Distance between the foci =2ae =8 = ae =4.

a

. . . 2a
Distance between the directrices ~ - 2= 2 16.

Now, aex£:4xl6:a2:64:a:8.
e

b* :az(l—ez):a2 —a’e :64—(4)2 =64-16=48.
2 2 2
AN S
64 48

Find the eccentricity of the ellipse (in standard form) if its length of latus rectum is equal to half of

2
.. Theellipse is x_2 +
a

its major axis.

2 2

. X Y
Let the ellipse be — + i 1.
a

1
Given, length of latus rectum = 5% length of major axis

26 1
:—z—(2a):2b2 =q*
a 2
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=2[d'(1-¢)|=d

=2(1-e")=1
:l—ezzl
2
5 1 1 1
e =l-—=——e=—
2 2 V2

1
.. The eccentricity of the ellipse is, e = —.
ty p \/5

5.  Find the equation of the ellipse in the standard form, if it passes through the points (-2, 2) and
(3a -1 )

2 2
Sol. Let the ellipse be x_z + Z—z =1 in the standard form.
a

It passes through the points (-2, 2) and (3,—1).

ﬂ z:1 andﬁ+ﬂ=1

7T at b
1 1 1 1
:(4xa_2j+[4xb_2j:1 and (9X?]+(1Xb—2j =1
Lti—m L—n
© a’ T p?
Then dm+4n=1
and Im+ n=1
dm +4n=1
36m+4n=4
 30m =3
jmzi:>n:1—9m:1—9><i:i
32 32 32

1 1
. The required ellipse is x” [a_zj +y’ (b_zj =1

=x'm+y'n=1

:>x2[i]+y2(ij =1
32 32

= 3x” +5)° =32, is the required ellipse.
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6.  Ifthe length of the major axis of an ellipse is 3 times the length of its minor axis, then find the

eccentricity of the ellipse.

2 2
Sol.  Let the ellipse in the standard form be x_2 + Z—z =1.
a

Given length of major axis =3 x length of minor axis
=2a=3x%x2b =>a=3b
But b’ =a’(1-¢€)
=b>=(3b)’(1-¢€")
=b>=9p*(1-¢%)

b2
=—=(1-¢
e (1-e)
:>e2:1_l:§
9 9
8 22 iy .
e= 9= 3 ~ eccentricity of the ellipse.

7.  Findthelength of the major axis, minor axis, latus rectum, eccentricity, coordinates of centre, foci
and the equations of directrices of the following ellipse.
(1) 9x? + 16)* = 144 (i) 4x* +)? 8x+2y+1 =0 (iii) x>+ 2y* 4x+ 12y +14=0
Sol. (i) Given ellipse is 9x> + 16)? = 144

2 2 2 2
:>9i+16y 1+ X o
144 144 16 9
2 2
Comparing this equation with the standard equation — + = =1
a

we geta’=16,0>=9 =a=4, b=3.
a>b= b*=d*(1-¢)

= 9=16(1-¢?) =—=1-e

362:1—221
6

16 1
7 V1
=e=,—=—
16 4
a>b = Theellipse is a horizontal ellipse.

(1) Length of major axis=2a=38.
(i) Length of minor axis=2b=6.
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2
(iii) Length oflatus rectum = 25 = 20) - %

a 4
J7

(iv) Eccentricity=e = 2

(v) Centre=(0,0)
(vi) Foci= (+ae, 0) = (+4/7,0)

(vii) Directrices: X = +2 :>x T:M/_x +16
(ii) Given ellipse is 4x*>+)? —8x+2y+1=0

Writing it in the standard form:

(4x> —=8x)+ (1> +2y)+1=0

= 4(x> =2x)+ (Y’ +2.y.1+1P =1))+1=0

=4(x° -2x1+1 -1*)+(y+1)’=0

=4 (x-1)>-1]+(y+1)’=0

=4(x—1)° —4+(y+1)’=0

=4x-1)+(y+1)Y’ =4

A1) v+l 4
4 4 4

2 2
:>(x—l) +(y+1) .
1 4

=

2 2
C ; ; . (x_h) (y_k) —
omparing with the standard equation —+ e =1
a
Weget h=1,-k=1=k=-1,
@i=1l=a=1 bP=4=b=2
=a<b.

= The ellipse is a vertical ellipse.

a’=b(1-e)=>1=4(1-¢)

:>l:1—e2 = e’ =1—l:i:>e:£
4 4 4 2
(1) Length of major axis =2b=4.
(i) Length of minor axis=2a=2.
2a> _2(1)
(i) Length oflatus rectum = =——==1

b 2
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3
(iv) Eccentricity=e = -

(v) Centre=(h,k)=(1,-1)
(vi) Foci=(h, ktbe)=(1, -1+/3)

b 4
(vii) Directrices : y—k2i23y+1:i$:\/§y+\/§:i4

(iii) x> + 2y 4x + 12y +14 =0
Writing in the standard from, we get
X2 —4x+ 2y + 12y +14=0
= (X" -2x2)+2(y° +6y)+14=0
=(x*=2x2+22-2)+2(3* +2.9.3+3*=-3)+14=0
= (x—2)" —4+2[(y+3)>-9]+14=0
=((x—2)"-4+2(y+3)°—18+14=0
=((x-2)+2(y+3)>=8

- (x-2) +2(y+3)2 _1

8 8
_9\2 2
LG 3
8 4

(x=h)  (=k) _

Comparing with the standard equation —+ e 1
a
Weget h=2,k=-3
@?=8=a =22, P=4=b=2
= a>b = Theellipse is a horizontal ellipse.
b’=a’(1-e*)=>4=8(1-¢%)
:>£:1—e2 = zl—i:i:lze:L
8 8§ 8 2 V2
(i) Length of major axis=2a= 42
(i) Length of minor axis=2b=4.
i Lengthof] W24 4 4 2 A2 L5
(i) Length oflatus rectum= « 22 SRaNG) >

1
. e
(iv) Eccentricity NG

(v) Coordinates of Centre = C = (h, k) =(2,-3)
(vi) Coordinates of Foci = (hzae, k) = (2+2,-3)=(4,-3), (0,-3)
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a 2\/5

(vii) Equation of Directrices: x—h=+t—=x-2=% ]
e
Y

=>x-2=4+4,x-2=-4

=>x-2=14

= x—-6=0, x+2=0 arethedirectrices.

—hY (y—k)
8.  Findthe equation of the ellipse in the form of (x > ) + (y e ) =1 given the following data
a

(1) Centre = (2,—1); one end of major axis = (2,-5), e = %

(i1) Centre = (4,—1); one end of major axis =(—1,—1), passing through (8, 0)

(ii1) Centre = (0,-3); e = 3 semi minor axis =5

1
(iv) Centre=(2,-1); e= > Length of latus rectum =4

Sol. (i) Centre, C =(2,-1)=(h, k)
one end of major axis =B = (2, —5) = vertex
Since the x-coordinate of C and B are same,
the line CR is parallel to y-axis.
We know that, C and B lie on major axis.
.. Major axis is parallel to y-axis.

The ellipse is a vertical ellipse.

CB=b=(2-2)7+(-1+5)* = 4
. 1
Given e = —
3
nat=b'(1-¢%)

:azzlé[l—l) _1ex5-128
9 9 9

2 2 2 2
.. Theellipse is (x —2h) + (r=k) _ 1= (x=2)  (+1) _ 1

a - 28 16
9
:>9(x—2)2+(y+1)2:1
128 16

(ii) Centre of the ellipse =C = (h, k)= (4,-1)
one end of major axis=A=(-1,-1)
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Since the y-coordinate of C and A are same,

the line CA is parallel to x-axis.
We know that, C and A lie on major axis.

.. Major axis is parallel to x-axis.

Distance CA = a = \/(4+1)2 +(=1+1)°* =5

2

.. The ellipse is (= h)2 + (v k)2 —1= (- 4)2 n (y+1)

| [ (1)
a’ b’ 25 b’
It passes through (8, 0)
§-4) 1’ ’
-4 v P 69
25 b b 25 25
.19 : :
Substituting 50 (1) we get the required ellipse as
(x—4) 1 (x-4) 2 9
=>——+(y+]) x=l=2—"—+(y+1) x—=1
TR~ 25 T o
= (x—4) +9(y+1)" =25
(iii) Centre =(0,-3); ¢ = 3 semi minor axis =5
Case(i): Whena > b
Centre=C=(h, k)= (0,-3)
o2
Length of semi minior axis = X =b=35 (when the ellipse is a horizontal ellipse)

e:§:>b2 :az(l—ez)

:>25:a2(1—ij:25=a2[§j:a2:25x2:45
9 9 5

—h)  (y—kY —0) (y+3Y
.. The required ellipse is (x > ) + (y > ) =1= (x ) + (y ) =1.
a b 45 25
Case (ii): When a < b Centre = C = (h, k) = (0, -3)

Length of semi minior axis =a =5 (when the ellipse is a vertical ellipse)

2
e=§:>a2 =b’(1-¢€%)

:>25=b2(1—g):>b2:45

2

=1.

2 2 2
.. The required ellipse is (x ;211) + (y ;2k) =1= (x ;50) + (y::)
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1
(iv) Centre=(2,-1); e= > Length of latus rectum =4

1
Case(1): Whena>b Centre=C=(h, k)= (2,—1),e=5

2
Length of latus rectum =——=4 (for horizontal ellipse)
a

=2b’=4a=b’=2a

1
:>a2(1—e2)=2a:a(l—z) =2

3—a:2:>a:§
4 3
l)2:2a:E
3
2 2 2 2
. i SR k) (=2) ()
.. The required ellipse is ——+ ) 4 16 1
9 3
9(x-2)" 3(y+1)
92 30+l
64 16
1
Case (i1): Whena<b Centre=C=(h, k)= (2,-1), 625
aZ
Length of latus rectum = e =4 (for vertical ellipse)
=2a°=4b=>a’=2b
1
3b2(1—62)=2b:b[1——]=2:b=§
4 3
.'.512=2b=E
3
2 2 2 2
.". The required ellipse is (x—2) +(y+1) =1:>3(x—2) +9(y+1) =1.
64 16 64

3 9
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| Hyperbola l

° Hyperbola is a conic in which the eccentricity is greater than unity.

° Hyperbola is the locus of a point that moves so that the ratio of the distance from a fixed point
to its distance from a fixed straight line is greater than 1.

° The fixed point is called focus, the fixed straight line is called directrix.
° The equation of hyperbola in the standard form is

2 2

x—z—y—zzl where b22a2<ez—l) and e > 1
a b
Y
P B M
X' x

3:%
v
Trace of the Curve:
The hyperbola in the standard form is S=z—z—g—j—l=0 where a > 0, b > 0 and

b>=a’(e’ -1)
1) The hyperbola cuts the x-axis at A(a, 0) and A!(—a, 0) called as vertices.

(ii) x=0= y=++-b> = The curve does not intersect y-axis.
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(1)

(iv)

V)

(vi)

(vi)

b
y:i;\/xz—az then yisreal < x’—a’>0 < x<-aorx>a
The curve does not exist between the vertical lines x = —g and x = g . Further from

a [ 2 42 . . . .
x= iZ\/y +b” = y —> $00 when x — *© yisreal = x is real = each horizontal line

y = k intersects the hyperbola at two points. Also x - to0 = y — t o i.e. the curve is
unbounded.

The curve is symmetric about X-axis and also about Y-axis. The curve consists of two
symmetrical branches each extending to infinity in two directions.

AA' 1s called as Transverse axis of the hyperbola

BR' is called as conjugate axis where BC = B!C = p = g+/e? —1 and B, B'lie on Y-axis.
As in the ellipse, the symmetry of the curve about its axis shows that it has two foci,

S =(ae,0), S'=(—ae,0) and two directrices x = +2
e

C is called the centre of the hyperbola. It is the point of intersection of the transverse and
conjugate axis. C bisects every chord of the hyperbola that passes through itself.

Theorem:

Prove that the difference of the focal distances of any point on the hyperbola is constant.

Proof: Let P(x, y) be any point on the hyperbola whose centre is the origin C, foci are S, S/,

directrices are ZM and Z'M’ . Let PN, PM, PM' be the perpendiculars drawn from P upon
x-axis and the two directices respectively.

NY
w e

| —] \
X' < 3 7T C S >X
2¢
a
Now SP = ¢(PM) = ¢(NZ) = ¢(CN-CZ) = e(x—zj =ex—a.

S'P = e(PM') = ¢(NZ') = &(CN + CZ') = e(x +3j —exta
e

. S'P—SP = (ex+a)—(ex—a) = 2a = constant.
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.. The difference of the focal distances of the point P is a constant.
Note: Hyperbola is also defined as the Locus of a point, the difference of whose distances from

two fixed points is constant.

Notation
X ¥
a’ b
xx, Yy
g =M _ A
1 a2 b2
R I
11 a2 b2

S = XXy N 1

12 = 2 2
a b
Very Short Answer Questions
Definition Rectangular Hyperbola

1. Define Rectangular Hyperbola and find its eccerticity.
Ans. In ahyperbola, if the length of the transverse axis (2a) is equal to the length of the conjugate

axis (2b), then the hyperbola is called asRectangular Hyperbola.

Its equation is x* — y* = ¢°
bza:>a2:az(ez—l):ez—lzlzez:2:>e=\/5

. The eccentricity of a rectangular hyperbola is /7 .
Definition: Auxiliary Circle:

The circle described on the transverse axis of a hyperbola as diameter is called as the
auxiliary circle of the hyperbola.

The equation of the auxiliary circle of the hyperbola S =0 is x* + * = 4°.
Parametric equations:

NY P(xay)

X' € A(Q/A M >X
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Let the equation of the hyperbola be S = 0, then the equation of the auxiliary circle is
x2 + y2 — a2 .
Let P(x, y) be any point on the hyperbola and C be the centre.

Let M be the projection of P on the transverse axis. Draw the tangent QM to the auxiliary
circle from M. Let ZMCQ =6

x=asecO

Then y=btan 9

are the parametric equations of the hyperbola S = 0.

n 3n

0e0,2r), 6+—,—
2 2

Definition: Conjugate Hyperbola

The hyperbola whose transverse and conjugate axis are respectively the conjugate and
transverse axis of a given hyperbola is called the conjugate hyperbola of the given hyperbola.

2 2 2 2

) X .oX
The conjugate hyperbola of ?_b_ZZI is a—z—b—zz—l
x2 yZ , x2 y2
IfS= ?_b_z_ =0 and S :a—z—b—z'l'l:o then

each hyperbola is the conjugate of the other.

Very

Sol.

PROBLEMS
Short Answer Type Questions
One focus of a hyperbola is located at the point (1, -3) and the corresponding directrix is
the line y = 2, Find the equation of the hyperbola if its eccentricity is % .

Note : To find the equation of the conic (parabola, ellipse, hyperbola),
when eccentricity, focus and directrix are given, always use the definition of conic ie.

SP
—=e .
PM

3 .. o
Let S=(1,-3),e= > directrix is y—2=0
Let P(x,, y,) be any point on the hyperbola.

S
Then according to the definition of hyperbola, Y
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Sol.

Where PM is the perpendicular distance from P to the directrix

= SP=¢ PM
5 > 3 »n-2 B |ax,+by1+c|_
= \/(X1 -7+ +3) N .+ Formula:- BN
Squaring on both sides, we get Here ax+by+c=0
2 2 9 2 .
=7+ +3)7 =70 =2) | Thatis o.x+1.y-2=0

=X, +1-2x,+y, +9+6y, :%(ylz+4—4yl)

= 4(x] +y} —2x,+6y, +10) =9y +36 36y,
= 4x) +4y] —8x, +24y, +40-9y7 =36 +36y, =0
= 4x} -5y —8x,+60y, +4=0

~. The locus of P(x,,)is 4x* —5y* —8x+60y+4 =0 which is the required Hyperbola.

5
If the eccentricity of a hyperbola is 1 then find the eccentricity of the congujate hyperbola.

We know that
If e and ¢ are the eccentricities of a hyperbola and its conjugate hyperbola, then

L

€2 (el)Z
Given € =—
IR U
(sz (e!)Z
4
1 16 9
f— 3 = ]l-—=—
(e’) 25 25
(¢)y 25 , [25 5
= ==, o=
1 9 9 3
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Short Answer Type Questions

1. If e and ¢, are the eccentricities of a hyperbola and its conjugate hyperbola, then prove that
1 1
—+—=1
e e
x2 y2
Sol.:  Let the hyperbola be P 1 )
a

2
Its eccentricity 'e' is given by b° =a’(e’ -1) = pr e’ -1

2 2 2
=é’ :l—i-b—2:>e2 =4 +2b
a a
1 a’
== 2
62 a2 + bZ - ( )
x2 y2
The conjugate hyperbola of equation (1) is P =-1
a
Its eccentricity ¢, is given by, a® = b*(e] —1)
2
=e 1= Z_Z
2 a> b +d’
=e = 1+ b_2 = b2
L1
e a’+b’ —3)
From (2) and (3) we get
1,1 @ ¥
e & a+b a+b
a’+b’ | H q
= = ence proved.
a’+b’ P
2. Find the centre, foci, eccentricity, equation of the directrices, length of the latus rectum of

the following hyperbolas,
(i) 16y° —9x° =144
(i) 9x* —16y° +72x-32y—-16=0
Sol. (i) The given hyperbola is 16y* —9x* =144
=9x" —16y° =-144
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(i)

9x* 16y° -144
= — =
144 144 144

2 2

X y

16 9
It is a hyperbola whose centre is (0, 0)

and transverse axis is alongy-axis.
So, a®=b*(* 1), where > =16,b> =9
=16=9(e’ 1) a=4, b=3

:>ez—1:E

9
10,22
9 9

5
=le==
3

". Centre = (0, 0)

Foci = (O,i be) = (O,i 5)

5

Eccentricity, e = 3
2¢> 32
Length of latus rectum = = ?

Equation of the directrices = J = J_r;

9
= y=x —
YEES

=5y+9=0
Given hyperbola is 9x* —=16y> +72x-32y-16=0
= (9x* +72x)— (16> +32y)-16=0
= 9(x* +8x)—16(y* +2y)-16=0
= 9[x’ +2.x.4]-16[y* +2.y.1]=16

=[x’ +2.x4+4 —4]-16[)* +2.y.1+1> ~1*]=16

= 9[(x+4)’ —16]-16[(y +1)> —=1]=16
= 9(x+4) —144-16(y +1)* +16 =16
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— 9(x+4)> —16(y +1)> =144
2 2
_ 4 16+

144 144
2 2
:>(x+4) (4D _
16 9
_h2 _kZ
Comparing this equation with (x 2) W bz) =1
a
weget, h=—4, k=—1,a=4,b=3, b> =d’(e’ - 1)
2
:>e2—1:b—2:2
a” 16
:>e2:1+2=§
16 16
5
—e=—

.. Centre = (h, k) =(—4,-1)
Foci=(htae,k)=(-4%5,-1)
= (-4+5,-1) and (-4-5,-1)
= (,-1) and (-9,-1)

. 5
Eccentricity e = 2

a
Equations of directrices : Xx—h =+—
e

:>x+4:iE
5
=5x+20=%*16
= 5x+20=16 and 5x+20=-16
—=5x+4=0 and 5x+36=0

2b* 2x9 9
Length of latus rectum = — = ==
a 4 2
3. Find the equation to the hyperbola whose foci are (4, 2) and (8, 2) and eccentricity is 2.

Sol.:  The foci of the hyperbola are S = (4, 2) and S'=(8,2) . Since the y-cordinate of S & S'
are same, SS' is parallel to X-axis
= The transverse axis is parallel to X-axis.
= The equation of hyperbola is of the form,
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A —k)?
(x=h) -0 _, )
a b T
4+8 2+2
Centre = C = (h,k) = Midpoint of SS'=(78,LJ
=(6,2)
=>h=6,k=2

Distance between foci = SS' = \/(8—4)2 +(2-2)" =4
e=2(given) = 2qe=4
=2.a2=4
=a=1
b* =a*(e* -1)
=14-1)=3
. The hyperbola is
(=6 (=27 _,
& 3
_ 2 _ 2
36 -(=2)
3
=3(x*+36-12x)- (1> +4—-4y)=3
=3x" —y* =36x+4y+101=0

4. Find the equation of the hyperbola of given length of transverse axis 6 whose vertex bisects

the distance between the centre and the focus.

2 2

Sol.:  Let the hyperbola be x_2 —2}—2 =1
a

Length of transverse axis = 24 =6 (given)
-
Vertex bisects the distance between the centre & focus

= Vertex is the midpoint of C, S
Where C = (0, 0), focus = S = (ae, 0)

Vertex = (a, 0)
O+ae 0+0 ae
= w0555

:>a=%:>
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Sol.:

Now b* =a’(e’ -1)=9(4-1)=27.
2 2

Hence the required equation of hyperbola is, % % =1

3x — yz
27

If the lines 3x—4y=12and 3x+4y=12meets on a hyperbola S = 0, then find the

eccentricity of the hyperbola S = 0.

The lines 3x—4y =12 and 3x+4y =12 meet on the hyperbola S = 0.

The combined equation of the lines is(3x —4y)(3x+4y)=12x12

= 9x’ —16)° =144

=1=3x" -y =27

9x* 16y° 144
j— - =
144 144 144

2 2
= f_6 —% =1 which represent a hyperbola.

s b =da’(e’ —1) where @ = 16, b’ =

=9=16(e* -1)

32=€2—1 :>€2=1+i=£

16 16 16
25 5
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| Integration l

Integration is the inverse process of differentiation. The process of finding the function whose

derivative is given, is called as Integration.

Definition: Let E be a subset of R such that E contains aright or a left neighbourhood of each of'its
points and letf: E — R be a function. If there is a function F on E such that F'¢) = f(x) Vx€E, then

we call F an antiderivative of for a primitive of f.

Indefinite Integral: Let /: | > R. Suppose thatfhas an antiderivate F on I. Then we say thatfhas an

integral on I and for any real constant ¢, we call F + ¢ an indefinite integral off over I, denote it by

_[ f(x)dx and read it as 'integral /(x) dx'. We also denote I f(x)dx as I f.

Thus we have If = If(x)dx =F(x)+c.

'c'is called a 'constant of integration'.

'f"'is called the 'integrand' and x'is called the 'variable of integration'.

I ()] = £(x)

Note: (1) Z[

(i) I f'(x)dx= f(x)+c,'c'is the constant of integration.
d
[=rGodx=f(x)+c
dx

(i) %[f(x)w]:g(x):jg(x)dxzf(x)+c:>j%[f(x)+c]dx=f(x)+c

() y=f(x)=dy=f'(x)dx
Standard Formulae

n+l

1. _[x"dxz +c,n#-1 de:jl.dx:x+c

n+l
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%
2 X
Ix.dx:x—+c J.\/;dx=7+c
2 2
J‘dezzx/;+c J.xzdx:x_3+c
Jx 3
4
J.x3dx:x—+c
4
1 v g a
2. J;dleoge|x|+c 3. Ia dx = logea+c’ a>0,a#1
4. Ie”dx:ex+c 5. Isinxdxz—cosx+c
6. Jcosxa’x=sinx+c 7. Iseczxdx:tanx+c
8. Jcoseczxdx:—cotx+c 9. Isecxtanxdx:sechrc
10. Icosecxcotxdx:—cosecx+c
Examples
@) d(x2)=2xdx (i1) d(t2)=2tdt
. x 33x7dx—x*.3y" d
(i) d(x’y*)=x"3y"dy+y’3x" dx (iv) d(Tj:y NV L
y (»")
J. ! dx=sin"'x+c=—-cos ' x+c - cos™ x +sin”! T‘]
11. l—x2 = = (.cos X +sin x:E
1 -1 -1 -1 -1 T
12. _[ zdx:tan xX+c=-cot x+c (’.'tan X+ cot x:—)
+x 2
J’;dx:sec*1x+c:—cosec*1x+c ( S 5 nj
13. |X|m s sec” x+cosec x—z
14. Jsinhxdx:coshx+c 15. Icoshx:sinhx+c
16. Isechzxdx:tanhx+c 17. Icosechzxz—cothx+c
18. Jsechx.tanhxdx:—sechx+c 19. Icosechx.cothxdx:—cosechx+c
0. J 1 dx=sinh"1x+c=loge[x+\/x2+l}tc
1+ x?
1
21 J. dx:cosh*1x+c:logex+\/x2—1‘+c
' Jvxt -1
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1
22. Jl —dx = tanh ' x+c=coth x+¢

—X
23, [(f+@)0)dx= [ f(x)dx+| g(x)dr+c
24, _[a.f(x) dx = aJ‘ f(x).dx+c where aeR

Integration by the method of Substitution
Formulae

1. _[f'[g(x)].g '(x).dx = f[g(x)]+c
EAC)) X = xX)|+c
2, Jﬂﬂd log| £ (x)|+

+1

3. /@] fi.de=

+c,n#x-1

[/ )]
n+1

4 Jﬂnﬂmd[ﬂ”

o

%
5. IVf(x)-f'(X).dxz [f(x)] +

%

6. J\J/ff((—) =2 f(x)+c
7. [raenan = HEED
S =1
s e Tm
9. Itanxdx:10g|secx|+c:—10g|cosx|+c

10. Icotxdx=10g|sinx|+c

11. Isecxdx log|secx+ tanx |+c = log

12. J.cosecxdx: log | cosecx —cotx |+c = log

1 1 X
dx=—tan™ [—) +c
13. J.az+xz a a

b
tan[ +
4

X
— ||+ c=—log|cosecx+ cotx |+c
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1 1
14. I > 2a’x:—loga+x+c
a —x 2a a—x
1 1 x—a
dx=—TIo +c
15. J.xz—az 2a gx+a

x+va® +x*

a

dx = sinh~ [ j+c—log +c

16. J.\/i

l‘] \/7 +

a

dx = cosh™ [ j+c—1g +c

B
2
19. IVa2+x2 dxz%\/az+x2 +a?sinh_l (£)+c
a

2
20. I\/az—xz dxz%xlaz—xz +a?sin’1 [£)+c

a
2
21. jmdx%m_%ml@ﬂ
a
Examples:
L. I € v = logle’ +1‘+c
e'+1
b —M 1 _2m 1 _10g|3—8x|
2. Iax+bdx_ p +c,jmdx— » +c, J3—8xdx_ ~ ‘e
- _eax » :Z
3. Ie dx = » +c, je dx —+e

—cos(ax+b) —cos(9x) ce

4. [sin(ax+b)dx = +c, [sin(9x)dx =

sin(ax + b)

5. [cos(ax+b)dx =

+c, jcos(2x) dx = @+ c

(2+3x)"" (2+3x)
6. I(2+3x)"dx:—n;rl +e, j(2+3x)4dx=—§ +e

7. Isecz(ax+b)dxzw+c
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—cot(ax+b) te

8. J cosec’ (ax +b) dx =
a

0. [oosec(ax+b).cotfax+bydy = —2NED)

a

10 [sec(ax +b).tan(ax +b)dx = seclax+b) |

a
(7-5%" : .
3 \/;dxzﬁ
. J.\/7—5xdx:_42+c I J. %
1 2\/3—9)( B 1
12. dex— > +c _.fﬁdx_zx/;}
5x
log|4——
1 7 1
13. _[4 Sxdx: s t¢ {.‘J-;dleogx}
7 7

1 1 B
15. J 1+ x dx =log|l+x|+c, J- T dx=tan" x+c¢ (understand the difference)

Solved Problems

1. Find _[cotz xdx.
Sol. Icotz xdx = I(cos ec’x — 1) dx
= Icoseczx.dx—jl.dx:—cotx—x+c

ol -1
2. Fmd“lerszx.

(x°—1) P -2
Sol. .'.ka_’_szdx:J’{(x —-X +1)+1+x2}dx

5 3
X

==~ 4tx-2tan ' x+c
5 3
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3. Find [(1-x)(4-3x)(3+2x)dx.

Sol. (1—x)(4—3x)(3+2x)z(l—x)(12+8x—9x—6x2)
=(1-x)(12-x=6x") =12 - x = 6x” —12x+x” + 6x° = 6x° —5x” —13x+12
o [(1=x)(4=3x)(3+2x)dx = [ (6x —5x” ~13x+12)dx

4 3 2

4 3 2
:6%—5x——13x—+12x+c: v v D

+12x+c¢

4. Find j J1+sin2x dx .
Sol. I\/1+sin2xdx:J\/1+25inxcosxdx

= I\/(sinz x+cos’ x)+2sinxcos x dx = I\/(sinx+cosx)2 dx

= I(sinx+cosx)dx =—Ccosx+sinx+c

5. Evaluate j ﬁdx for x>0 and verify the result by differentiation.

2x —3x+5 (2% 3x 5)
j J‘L2x2_2x2+2x2de

J.[x—— —+— x )dx

Sol.

X 5 -2+1
=———log|x|+—. +c
2 2 2 241
x2 3 -1
=———log|x|+—. —+c
>3 g|x|
—x—z—élo |x|——=. l+c
) 28
Verification:
d|x* 3 51
—|——=log|x|-=.—+c
dx| 2 2 2 x
_2_x_§l_ (—x *11) 3 i
2 2'x 2 2x 2x2

x(2x*)=3(x)+5  2x’ =3x+5 .
= . == > . Hence verified.
2x 2x
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+3x-1
6. Evaluate J‘ud

3x 1)

x +3x 1
+———|dx
Sol. J J.2x 2x  2x

1 3 11 1 3 1¢1
—J[E-X*Fz-l—z-;)dx=5Ix.dx+5jl.dx—5j;.dx
1 x> 3 1 x> 3x 1
=— "—+=x-——log|x|+c =—+———log|x|+c
22 2 2 4 2 2

2 3
7. Evaluate I (1 +—— —zj dx .

X X

2 3 —2+1
Sol. j(1+___2) dv=x+2log| x| 3. —+c =x+2logyx|+3.l+c
X X +1 X

4 Zjdx,
1+x

4 1 2

8. Evaluate I (x +

9. Evaluate I ke —— + dx

S

)dx—e —log|x|+2cosh™ x+¢

1 1
10.  Evaluate I(l—xz + 1+x2j dx .

1 1 - -
Sol. J.(l_x2+1+x2jdx:tanh1x+tan1x+c

11.  Evaluate J.[\/lixz + \/lerxJ dx .

de

j\/idx+2j\/7

=sin”' x+2sinh ' x+¢

J.( 1
Sol. L\/1— \/1+
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2
12.  Evaluate I glogran™o) gy

Sol. Ielog(lﬂanz x) dx = Ielog(seczx) dx = ISGCZ ydx = tanx + ¢ ( Jotar _ x)
s 2
sin” x
13.  Evaluate | —————dx.
VauaeJ.1+0052x
Sol J‘ sin’® x _-[ sin? x dx—ljtanzxdx—lj-(seczx—l)dx
o 1+cos2x 2cos’ x 2 >

1 1 1 1
:—Iseczxdx——jl.dx:—tanx——x+c
2 2 2 2

14. Evaluate I [i — 2 + 3%] dx .
X

Jx x
3 2 1 I 11
Sol. I(ﬁ—;'i‘?] dx=3j$dx—2_[;dx+gjx dx

—2+1

1 x
=32Jx —2log| x|+~
gl x| 3200

+c:6x/;—2log|x\—%.l+c
X

\/;+1]2 dx
X

15.  Evaluate I (

(5] gt

Sol.
I 1
I[ Lz 27 }d I(—+x +2.x2 jdx
-3
3\ 2 x7+1
_IL +x 7422 )= log | x|+ +2. +e
X -2+1 21
=1lo |x|—l—4x_%+c—lo |x|—l—i+c
g ——4 g I
3)
16.  Evaluate J. L dx .
\/— \/ - 2xJ
(1
Sol. Ik 2 x+2cosh1x—%[—%]

:2\/;+2cosh1x+2i+c
X
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17.

Sol.

18.

Sol.

19.

Sol.

20.

Sol.

( 3
Evaluate I kcosh X+ dx .

(
J.Lcoshx+ ! dx =sinhx+sinh™ x+¢

Vx?+1

( o)
Evaluate f sinh x + —V dx.
x* - 1) g

x =1

( )
Jsinhx+; dx=jsinhxdx+j L
v Vx* -1
=coshx+cosh' x+¢

Evaluate I%

(a* =b") a” +b> =2a'b"
J. a'b” dx I a'b” dx

:JAL a* N bz" 2a*b }dx

ij_er_x_zJ dx _IZ dx+j§dx—2j1.dx

a

i )

= + 5 -2x+c
log, (aj log, [j
b \a

Evaluate I sec’ xcosec® xdx.

Jsecz xcosec” xdx = I(l +tan” x)(cosec” x)dx
= J‘(cosecz x + tan” x cosec” x)dx

= I(cosecz x+sec’ x)dx
=—cotx+tanx+c
Alternate method:
1 1

cos’x sin’x

dx

Isecz xcosec’ xdx = I
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dx =
cos” x.sin’ x cos® x.sin” x

1 sin’ x + cos® x ,
I dx [ sin’ x +cos’ x = 1]

dx

sin’ x cos’x )
J ST I IR
cos’ x.sin>x cos’ x.sin’ x

J 12 + .12 )dx
cos“x sin“x

J-sec X + cosec x) dx

J
(
L
(
-

=tanx—cotx+c

21.  Eval t_[l+coszxdx
. valuate | —dx.
1—cos2x
1+cos® x 1+ cos® x
Sol. ——dx=
© J‘l—cos2x J- 2sin® x
? 1 1
ZJ( ST CO,S2x}dxzj‘[—coseczx+—cot2x)dx
2sin“x 2sin” x 2 2

= %I(cosec2 x + cot’ x)dx - %I(cosecz 4 cosec? x—l)dx
YN T

x
=—-cotx——+c
2

22. Evaluate j V1—cos2xdx.
Sol. I\/I —cos2x dx = J-\/2sin2 x dx

:I\/Esinxdx:\/i(—cosx)z —J2cosx+c
1

—————dx
2. Evaluate '[ coshx+sinhx
1 cosh” x —sinh” x
S 1. —dx: dx e hZ o hz -1
? '[ coshx +sinhx J. coshx +sinhx (- cosh” x—sinh”x =1)

B J~ (cosh x + sinh x)(cosh x —sinh x) i

cosh x +sinh x

= I (cosh x —sinh x)dx = sinhx — coshx+ ¢
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dx.

24. Evaluate j 1
+CosXx

1 1 1-cosx
dx = X dx
Sol. J’1+cosx J.1+cosx 1-cosx

1- 1-
:J~ coszx dx:J. 'cgsxdx
1—cos” x sin” x

1 COS X
=I( —— dx
sin“x sinxsinx

= j (cosec2 X — cot x.cosec x) dx

=—cotx+cosecx+c

Note: To evaluate _[ dx, I

dv. [
l-cosx l—-sinx
Integration by Substitution
Evaluate the following integrals:

ex
1. dx
J.ex +1
Sol. Puter+1=¢t= e .dx=dt

g d 1
[ [

=log|t|=log|e* +1|+c
OR) |7 de=tog fo)

Letf(x) =e+1=f'(x) =¢
S '(x)

1+sinx

dx similar method can be used.

ex
o= 4 =loel £l log et +1] e

2

2. J.x dx

Vi-x

Sol. Putl-x=t=l-x=t"=-dx=2tdt =>x=1-1+*

o \/lxi—x dx=| a _; D oty

= —2J'(1—z2)2 dt= —2J-(l+t4 —-2t%)dt = —2{;

£ 20
+___
5 3

=_2m_§<mf+§<m)3+c

2 4
=2-=+=1
5 3
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J~ (sin™" x)? i

3.
J1-x°
1
Sol.  putsinl(x) =t = = dx=dt
I-x

t3 | 3
dx:jtzdt =§=—(sm3 Y e (or)

J(sin‘1 x)z.\/l_
1-x°

I[f(x)]n S'(x)dx= %, where f(x)=sin"'(x), f'(x)= \/117

s o1 N2+ s -1 N3
.‘.I(sin_lx)z. 1 dx:(sm X) :(sm X)
1—x2 2+1 3
1
4. —d
I1+(2x+1)2 g
Sol. Put2x+1:t:>2.1.dx=dt:dx:%
el
1+(2x+1) 1+£2 2
1
== ——t 't=—t 2x+1)+
J.1+t an~ 2 an”'(2x+1) ¢ (or)
[ £ (ax+bydx= f("“b)
-1
J. lzdxztan”x:I ! ; _fan (ax+h)
1+x 1+ (ax+b) a

1 T2x+1) 1
J. ~dx = ftan_(2x+ ):—tan*1(2x+1)+c
1+ (2x+1) 2

5

X
5. Il+x'2 dx.

Sol. Put x(’:t:>6.x5dx:dt:>x5dx:%
dt
5 5 -
d
I xlzdxzj =~ fzdx: 62
1+x I+(x") 1+¢

1
=—tan 't=—tan'(x*)+¢
1+¢* 6 6 (")
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6.

Sol.

Sol.

Sol.

Sol.

10.

Sol.

Jcos3 xsinxdx.
Put cos x = ¢t = —sin xdx = dt = sin xdx = —dt
Icos3 xsinxdx = Jf (—dt)

4

4 4
—_jt di — {t (cosx)” _ cos X .

3
3T T
J. [l—x—lzJ .e()(%j dx

Putx+l=t:>(l—%j dx=dt

X X

I(l—%j .e(x%] dx=I (= 1) [l—ij dx _Ief.dt:e’ze[x+’l‘]+c

X

1
dx
J‘\/sinlxxll—xz
Putsin' x=¢= dx =dt
1-x°

1

1 1
dx = . dx
J.\/sinlx\/l—xz J‘\/sinlx J1-x2

—j—dt—Zx/— 24sin' x +¢

dx

sin® x
[—
cos’ x

sin® x sin® x 1
j dx j dx
cos® x cos* x cos® x

= J‘tam4 x.sec’ xdx { J.[f(x)]" S (). = [f::)]l }

4+1
tan* x  tan’ x

= = +c
4+1 5

I sin? x dx

Jsinzxdx=j1_c;)82xdx =%j(l—c052x)dx

= %Ul.dx—jcost.dx} = %[x— sin22x}rc
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11.

Sol.

12.

Sol.

13.

Sol.

14.

Sol.

x2
IJ;:gdx

Put Vx+5=t=x+5=1"=dx=2tdt and x=1* -5= x> = (1> =5)’ =¢* +25-10¢

x’ t*+25-107°
dx = 2tdt
J.\/x+5 I
£ 10¢°
= 4 — 2 :2
2[ (¢* +25-10¢).d {5 3 }
X+ ’ x+53
AU o)
2%(x+5)%+50(x+5)%—23—0(x+5)%+c
j dx i
4-9x*
1 1
dx = dx — dx= l[fj
I\/4—9x2 J 2> _(3x) [ I,/ x=sin
_1(3)(]
Sin —
2 1 _1[3x)
= - — —_— c
3 3 2
I ! dx
1+4x
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15.

Sol.

16.

Sol.

17.

Sol.

18.

Sol.

19.

Sol.

[Vax* +9.dx
J’ [452 +9dx=J. /(2x)2 +3% dx |:'.'I\/xz+a2 dx:%x/xz-ﬁ-az +a—22sinh’1 (gﬂ
2 a9+ 2 sinn (2]

2
X i 19 9 . 1[2x]
=—vV4x"+9+—sinh™ | —|+c
2 4 3
[Nox* —25 dx
JNor 25 ds=[Jr7 -5 dx |5 NE e 3 o (2]
> o' 25 -2 co” (2]
2 2 5
3
= z\/9x2 -25 —écosh_I (3—x]+c
2 6 5
[16-25x ax
JVI6=25% v = [T e [ [T e =+ S (2]
X 625+ Ssin (2]

4

5

- §\/16—25x2 +%sinl (%’Cj +e

J xzdx
1+x

X 1 2x £(x) ,
ee=sliee e i

I(log 0"
X

2 n+l1
J'de _ I(log x)2.l.dx 0] ) dx= [f;(zi)]
x x

1
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20.

Sol.

21.

Sol.

22.

Sol.

23.

Sol.

24.

Sol.

2+1

3
_(logx)™ _ (ogx)
2+1 3

tan~ ' x

e
J.1+x2 dx

dx = dt

Puttan ' x=¢= -

1+ x

tan~! x 1

J'e dx = J'etan’lx

Jdx
1+ x*

1+ x?
-1
=J.e‘.dt=e’ =e™ “+¢

. -1
J~31n(tan X) d

1+ x°
Puttan ' x=¢= —dx = dt
1+x
sin(tan™" x) . »
———— ~dx=|sin(tan" x). dx
'[ 1+x* J- ( ) 1+ x*

= J-sin t.dt = —cost = —cos(tan™' x)+c

3 2
I x6dx
1+x

Put X’ =t = 3x%dx=dt

3x’ 3x°d.
.[1+xx6 deIl+)C(x3);2 =J‘ﬁ= tan”'t=tan"'(x’)+c¢

2
—dx
'[ 25+ 9x2

a’x=2j

2 1 5
I V25 +9x° 5% +(3x)? ' 3

3
I

cosh™ (3)6

dx =3[ = cosh™' (3x) + ¢

J.; ! dx=3
Vox* —1 J(Bx)* =17
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25.

Sol.

26.

Sol.

27.

Sol.

28.

Sol.

j sin mx cos nx dx

) 1 .
We have, sin mxcosnx = 5 (2 sin mx cos nx)

1. .
= E[sm(mx + nx) + sin(mx — nx)]

= %[sin(m +n)x +sin(m — n)x]

.. | sinmx cos nx dx = 1 sin(m + n)x +sin(m —n)x |dx
2

j sin mx sin nx dx

. . 1 .. . 1
We have sin mx sin nx = 5(2 sin mxsin nx) = E[cos(mx —nx) —cos(mx + nx)]

Isin mxsin nx dx = J‘%[cos(m —n)x —cos(m+ n)x] dx

j COS mx COS nx dx

1 1
We have, cos mx cos nx = 5 (2 cos mx cos nx) = E[cos(mx +nx) + cos(mx — nx)|

—cos(m—n)x

2 (m+n)

1/ =
B _{ cos(m+n)x N

(m—n)

2| (m-—n)

(m+n)

_ l{sin(m —n)x _sin(m+ n)x} ce

[+

. | cosmxcosnxdx = 1 cos(m+ n)x + cos(m —n)x |dx
2

J
J

sin x

sin(a + x)

sin x

sin(a + x)

dx

dx =

_ 1| sin(m+n)x
2 (m+n)

J- sin((x+a)—a) I

sin(a + x)

(m—n)

J- sin(x +a)cosa —cos(x+a)sina

|

sin(a + x)

sin(m —n)x
+ ( ) }+c

dx

sin(x+a)cosa cos(x+a)sina } J

sin(a + x)

sin(a + x)



144 Basic Learning Material - Maths II(B)|

= I[cos a—cot(x+a).sina]dx

= cosa_[l.dx—sinaj‘ cot(x+a)dx

= (cosa)(x)—(sin a)log |sin(a + x) | +c

2. [———x
’ Tx+3
1 log|7x+3]|
—dx==—""
Sl 7 7
30, Ilog(l+x) dr
1+ x
log(1+ )|
Sol. jlog(l—”)dx: [10g(1+ ). L gy llog@+]
1+x 1+x 2
dx
dx
3L J.\/1+5x
Sol J' \/1+5x+c
ot \/1+5x 5
32, [(-20)2"d
ot o X
Sol. 1-2x)x" dx = | (x* =2xX° dx—x——— ——+c
o [a-2x) [« ydv="r - =
1 I sec’ x .
’ (1+tanx)’
Sol. Put1+tanx=¢=>sec’ xdx =dt
J‘ sec” x _J‘dl‘_J‘t_3 B ! tiz_ I 1 e
(1+tanx)’ C 341 2 =277 —2(l+tanx)’
34. Ix3 sin x* dx
Sol. Put x4=t:>4x3dx:dt:>x3dx:%
Ix3 sinx* dx = I(sin x*).x’ dx
—cosx”

dt 1 1
=|sint—=—|sintdt =—(—cost) =
I 4 4J. 4( )
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I&dx Sol.

(1+sinx)’

35.

Sol. Putl+sinx=¢= cosxdx=dt

! 1 1

J.szdxzj.i;dtzj'ﬂdt: =~ ¢
(1+sin.x) t -2+1 ¢t 1+sinx
36. Ii/sin X .cosx dx
1 l-*—1 4
- 1 3 3 4
Sol. _[i/sinx.cosxdx =J.(sinx)3 ~COSxdx=(SI?—x)=Z(sinx)3 g
—+1
3

37. J.er’c2 dx
Sol. Putx’=¢t=2xdx=dt
Jerxz dx = jexz.Zxdx =J- ddi=e =e" +c

8. [©

logx

dx

X

Sol. Putlogx=t= labc =dt
X

logx

e 1

I dx:jelogx_dx:jetdt:et:elogx+c
X X

2

39. I 1x—x6 dx

Sol. Putx’=¢t=3x’dx=dt = x’dx= %

2 2
[-—dx=] X dx =| L a1 n = Lin () +c
NI JI-()? TN1-# 3 3 3
2x°
40. dx
J‘1+x8
Sol.  Put x4:t:>4x3dx:dt:>2.2x3dx:dt:>2x3dx:%
dt
2x° 2x°d 5 1 1 1 1
_[ xsd :I al 4x2: 22:—.[ ~dt=—tan"'t=—tan"' (x*)+¢
1+ x I+(x") 1+ 271+¢ 2 2
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8

X

Sol. Putx’=t=9xdx=dt = x8dx = ﬂ

dt
x* x*dx 9 1 Lo, 1
- - = =—tan f=—tan (x )+c
I1+x18dx_I1+(x9)2dx_ 1+ 971+ 9 “

J- e (1+x) I

42. cos’(xe")

Sol. Putxe'=t=(xe" +e'. Ddx=dt=>e"(x+)dx=dt = e (1+x)dx =

fde:f

= Isecz tdt = tant = tan(xe" ) +c

cos’(xe") cos” t
a _[ cosec” x .
. (a+bcotx)’
Sol.  Put a+bcotx=1t= b(—cosec” x)dx = dt = cosec” xdx =—
I cosec’ x _I b___j' "
(a+bcotx)’
1 ¢ 17 1 1
SV S o »

b-5+1 b—4 4pt 4b (a +bcot x)4
44. I e sine” dx
Sol. Pute'=t=e'dx=dt

Ie" sine” dx:Jsintdt: —cost=—cos(e")+c

" j sin(log x) "

X

Sol. Putlogx=t= ldx =dt
X
j sin(log x)

I sin(log x).— dx J.sin t.dt = —cost = —cos(logx)+c¢
X
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46.

Sol.

47.

Sol.

48.

Sol.

49.

Sol.

50.

Sol.

S1.

Sol.

1
'[xlogxdx

Put logx:t:ldx: dt
X

_[ (1+logx) d

dy = 1 .ldx:j%.dt=log]t]:log|logx]+c

xlog x logx x

1
Putl+logx=t=—dx=dt
X

n n+l n+l
j—(”log") dx=j(1+1ogx)".ldx=jz”.dt: 7 _(tlogx)
b X n+l n+1
J-cos(logx) "

X

Put logx=t= la’x =dt
X
J- cos(log x)

jcos(log x) dx jcos t.dt =sint = sin(log x) + ¢
X

J'COS\/_

PutJx=t=x=¢=dx=2tdt

COS\/7 COS
[ a5

2O orde = 2Icostdt:2sint:2sin\/;+c

J- 2x+1 dr

X +x+1

Put x°’ +x+1=¢= (2x+1)dx =

2x+1 1 1
[ =] (2x+1)dv=[~.di = log|t|=log | x> +x+1] +¢
x +x+1 x +x+1 t

n—1

_[ af dx
bx" +c¢
n n—1 n—1 dt
Put bx" +c=t = (bnx"")dx=dt = x dx:b—
n

n—1

ax 1 N _
vl v P
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a 1 a a n
:_J';_d; :b—nlog\t\: Elogﬂ)x +c|+e

[ oaTi "
xlogx[log(log x)]

52.

Sol.  Put log(logx)=t= Li(log X)dx =
log x dx

ldx=a’l‘:> dx =dt

logx x xlog x

=

| : de=| ! 1 dx—jldr
xlog x[log(log x)] log(logx) xlogx ¢ =log|t|=log|log(logx)|+c

53. j coth x dx

cosh x

Sol.  [cothxdx =] dx = log | sinh x | +c

sinh x

54 f;dx
’ (x+3)Vx+2

Sol. Putx+2=t=x+2=>=x=t*-2=dx=2tdt

1
J-(x+3)\/x+2 dx_j(t2 —2+3).t2tdt

=2 ! =2tan 't =2tan"'Vx+2 +¢
2 +1
1
—dx
33 -[1+sin2x
1 1 1—sin2x
dx = . dx
Sol. J.1+sin2x 1+sin2x 1-sin2x
I 1—sin 2x —sm 2x
1—sin 2x cos 2x

1 sin 2x
:I —— dx
CcosS“2x cosS2xcos2x
= j(secz 2x —tan 2xsec 2x) dx

_tan2x sec2x

2 2
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? +a* =2at

x*+1
56. dx
J.x4+1
1 Z[HIJ
X X
dx=|——""—-4d
Sol. J‘x4+1x ‘[2[2 1) x
X +72
X
1
l—ki2 — (1‘*')62)
=I xl dxzj. lx dxz.[—zdx
x2+7 x2 7+2—2 (x_lj +2
X X X
1
me——=t:>[1+—2)dx:dt
X X
£+2 YP+2)}? A2 2
—Ltan_l x_—; Ltan_l x 1 +c
\/E \/5 \/5 2x
dx
>7. '[cosz X +sin2x
dx sec’ x
Sol. '[ cos’ x+sin2x -[ sec’ x(cos” x + sin 2x)
2 2
:J~ sec” x dx:I sec” x i
-—(cos” x +sin 2x) I+2tanx
cos” x
Put 1+ 2tanx =t = 2sec” xdx = dt = sec xdx=?
dt
y lel, 1 1
=|-==—|-dt==log|t|=—log|1+2tanx|+c
[=F=2f-di="log|1]=log| |
2
X
—dx
58. j(a+bx)2
dt t— t—a)’
Sol. Puta+bx:t:>b.dx:dt:>dx=;,x: a x2=( bza) =

b2



Basic Learning Material - Maths I1(B) |

150
J' x’ J-(t +a’ —2at) dt
(a+bx) bt b
(t a2 2at\ 1 1
b3IL =45 j(1+at 2a;jdt
1] & 1 a’
:E_H_ - —2alog|t|}:b—{t—7—2alog|t|}
—i_(a+bx)— a —2alog|a+bx||+c
b’ i a+ bx g
59. I\/I +cos2x dx
Sol. j\/1+c052xdx=j\/2cos2xdx =I\/Ecosxdx=\/§sinx+c
Icosx+smx
60. J1+sin2x
jcosx+sinx 5 J~ cos x +sin x dr
L. T = - ;
So V1+sin2x Vsin? x + cos® x + 2 sin xcos x
=J CcOoS x +sin x Ic9sx+51nxdxzfl.dx:x+c
\/(sin x + cos x)* SIn x +CoS x
J- sin 2x
61. (a+bcosx)’
sin 2x 2sin xCcos x
dx = x
Sol. J.(a+bcosx)2 J-(a+bcosx)2

Put (a+bcosx) =

J- 2smxcosx
(a+bcosx)

t—al dt
_2j b £ —b

)

) . dt t—a
t:>—bsmxdx:dt:>s1nxdx:—b:>cosx:7

B J-cosx sin x dx
(a+bcosx)’

2 t a
sz( _?%]dt

2 10 | t | ~ at_2+1
| BT

2
e [log|a+bcosx|+

dt =

—|+c
a+bcosx
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J‘ S€C X

62. dx

(secx + tan x)°

Sol.  Put (secx+ tanx) =t => (secx tan x + sec’ x)dx = dt

dt
= secx(tan x +secx)dx = dt = sec x(¢)dx = dt = secxdx = "

) secx ldt cdt
. J.—Z X = - = EY
(secx +tanx) ot t
—3+1 1 1
:Vl.t73dt: t :——2:— 2-|-C
-3+1 2t 2(secx + tanx)
dx
63. J. a’sin® x+b* cos’ x
| J- dx _J- sec” x dx

Sol. a’sin® x+b*cos’x ? sec’ x(a’sin® x +b* cos’ x)

Put tan x =1 = sec’ xdx = dt

*xd dt 1
:_[ 25302xx2:J' 2.2 2:.[ T At
a tan" x+b at +b (at)y"+b
| tan”' (CZ) 1 ¢
S VIR (M}
b a ab b

I dx

64. ) SinGx—a)sin(x—b)
dx 1 sin(b—a)
Sol. _[ " " = I
sin(x —a)sin(x —b)

sin(b —a) sin(x —a)sin(x — b)

:_[ sin[(x—a)—(x—b)]

sin(b — a)sin(x —a)sin(x — b) [wb-a=(x-a)-(x-b)]

dx

_ 1 J- sin(x —a)cos(x —b) —cos(x —a)sin(x —b)

sin(b —a) sin(x —a)sin(x —b)

1 J[sin(x—a) cos(x—b) cos(x—a) sin(x—b)} 0

sin(b—a) | sin(x—a)sin(x —b) sin(x —a)sin(x —b)

ﬁ [ [cot(x - b) —cot(x — a)] dx

1 [log\sin(x—b)]_log\sin(x—a)q 3 1 o |sin(x—b)|+
sin(b — a) 1 1 sin(b—a) ~|sin(x—a)|

c
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J' dx
65. cos(x —a)cos(x—b)

J' dx B _[ 1 sin(b—a)
~J sin(b—a) cos(x — a)cos(x — b)

Sol. cos(x —a)cos(x—b)

1 J-sin[(x—a)—(x—b)]dx

sin(b—a)* cos(x—a)cos(x—b)

B 1 J- - sin(x —a)cos(x —b) —cos(x —a)sin(x —b) } dx

sin(b —a) cos(x —a)cos(x —b)

1 J~ I sin(x —a)cos(x—b)  cos(x —a)sin(x —b) } dx

- sin(b—a)’| cos(x—a)cos(x—b) cos(x—a)cos(x—Db)

m [[tan(x - b) - tan(x — )] dx

= m[log | sec(x —a) | —log|sec(x—b)[]+c

__ 1 {log|sec(x—a)q+c
sin(b—a) ‘ sec(x—b) |

j sin2x

66. dx

2 <2
acos” x+bsin” x

dx

sin 2x 2sin xcos x
dx= j

Sol. j ;
acos’ x+bsin® x

acos’ x+bsin’ x
Put (acos’® x+bsin’ x) = = [a2 cos x(—sin x) + b2sin x cos x| dx = dt
dt

—a

2sin xcos x(—a +b)dx = dt = 2sin xcos xdx =

2sin xcos x 1 dt
I in= |

acos’ x+bsin® x th—a

log | acos® x+bsin® x| +c

1ol | |
- Yar =L 1og|r)=
b—ajt b_qoelil=7

jl—tanx

67.
1+ tanx

sinx
1—tanx cosx—smx
J’ dxzj COSX . j
1+ tanx smx cosx+smx

Sol.

COSX
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68.

Sol.

69.

Sol.

70.

Sol.

71.

Sol.

72.

Sol.

Put (cosx +sinx) =¢ = (—sin x +cos x) dx = dt
dt .
:JTZ log |t |=log|sin x+cosx|+c

J cot(log x) dr

X

Put 10gx=t:>ldx= dt
X

1
Icot(;)gx) dx:I

cot(log x). 1 .dx
X
= Icot t.dt =log|sint|=log|sin(log x) | +c
_[ e'.cote.dx
Put e =t = e'dx=dt
Iex.cotex.dxzJcote".e".dx
= Jcott.dt: log|sint|=log|sine’ | +c

J' 2x+3

——dx
Vx* +3x—4

2x+3 B 3 _ ( £, )
I—,7x2+3x_4dx—2\/x +3x—4+c LI '_f(x)dx_z f(x)J

j cosec’ x+/cot x dx

Put cot x = = —cosec’ xdx = dt = cosec’ xdx = —dt

_[cosecz x~Jcotx dx= _[ JJcot x cosec? x.dx

3
= [Vi(-dn=-[ > ar= _tf - —%(cotx)% e
2
_[ secxlog(secx+ tan x)dx
Put log(secx +tanx) =t¢
= m[secxtan x +sec’ x} dx = dt

sec x(tan x +secx)

dx =dt = secxdx =dt
(secx+tanx)
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Isecxlog (secx+tanx)dx= I log (secx + tanx).secx.dx

2

1 +1 ?
A e Oy
2 2
73. Icos3xdx
Sol.  Put cos3x = 4cos’ x—3cosx = cos’ x = - 3X-;3cosx
jcoszxdxzj-cos3xz3cosxdx

1 1
=—|(cos3x+3cosx)dx=—
4J.( X x)dx 4{

74. I xvVa4x+3dx

sin3x

. 1 . 3.
+3sinx| =—sin3x+=sinx+c
12 4

2

Sol. PutVi4x+3=t=4x+3=1¢ :>4.dx=2tdt:>dx=%tdt:>x=

2_
Ix\/4x+3 dx = J-%.té.dtzéj.(tz —3).22.dt

5 3

5 3
=1J.(l‘4—3t2)dt=l t__3i :t__t_
8 &l 5 3 40 8

WA (A ey @yt
40 8 40 8

1
-4
7. ja2 +(b+cx) gy

Sol. | ! o [bzcx) [ = dx:ltanl(ﬁjj

= 2
a* +(b+cx)’ a c @ ¢ ¢




Unit 7

\ Definite Integrals l

The fundamental theorem of Integral Calculus

Iffis integrable on [a, b] and if there is a differentiable function F on [a, b] such that F' =, then

b b
J /(X)=F(b)—F(a). We call J f(x)dx , the definite integral of ffrom, ato b. 'a' is called the lower
limit, 'b' is called the upper limit of the integral.

The letter 'x' is called the variable of integration.
Note: We write [F(x)]i for F(b)—F(a). Also [F(x)]l; is not dependent onx and [F (x)]i = —[F(x)]; -

b b
The functionfin J f(x)dx is called the 'integrand'. The numerical value of I f(x)dx depends
on fand does not dependent on the symbol.x. The letter 'x'is a "dummy symbol" and may be replaced

by any other convenient symbol.

Properties:

1. ff(x)dxz_lff(a+b—x)dx
2 [fedc=] fa-xas
5 [ f@dc=—[ foas

4. [f@adx=[rEyde+[ f(x)dx | wherea<c<b.

a

of f(x)dx, it f(-x)=[(x)

s [ reae-
~ 0, if fl-0)=—f()
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2f f(x)dx. if  fQRa-x)=[(x)
2a 0
6. [ flx)de=
0 0, if fQRa-x)=-f(x)
Problems
r 5
7 cos? x
1. Evaluate I g —dx.
0sin? x+cos? x
T S
7 cos? x
Sol. Letl= f — 5 dx

0 sin? x+cos? x

2(n
cos? (— j
2

A
:>I=J. S S
°sin2(— )+c052(— )
2 2
5
T =
7 sin? x J
=J 5 5
% cos?x+sin? x

Adding (1) and (2), we get

m 3

+1= =5
% sin? x+cos? x

T 5

) % :
cos? x J sin? x
54X + _[ 5

5

dx

5
% cos?x+sin? x

5

f cos? x
=2l= J.L B B
0\ sin? x +cos? x
5 5
cos? x+sin? x
3 3
sin? x+cos? x

I
S —yo |3

o —po |3

l.dx = [x]? zg

—21="o 1=
2

NG

5 5

sin2 x
de
sin? x+cos? x

dx

0-®

< dx { jf(x)dx = jf(a - x) dx}
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T Bl
7 cos2 X i
I 3 dx=—
4
0 gin2 x+cos? x
% 55
2. Show that dx = log(v/2 +1) .
owtha J‘smx+cosx 2\/5 & )
7 X
Sol. Letl= J- —dx

0 S x + Ccosx

But [ /(x)dx = [ f(a—x)dx,where a = g here
0

g b s G
‘ °sin(12t— )+c0s(g—) , COSX+sinx

a

dx

X
—— dx
sin x + cos x

Il
o —3
R
=,
=]
=
+ o
(@]
o)
w2
=

%o %o
, SINX+cosx » SIN X +Cos x
7
1
LY (R A
2 , SIN X +Ccosx
n/
a2
2 v SIN X +COS X
% 1

=] = dx

o
49 sin x +cos x

X 1 X . 2t
Put 7 =tan= = dt = —sec’ = dx, sinx =———, cosx =
2 2 2 1+¢

When x=0, =0 and when x = =1. Thus

U
—,t
2
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T - 2 f
I _Ef 2sec 2 dx—Ej 2dt
4 ) 1 ,x 492t +1—t
0 (sin x +cos x) Esec 5 0

__J' dt
45 (2 =(@t-1y

T 1 I+t— - f 1 - 1 (f+1\
2\/_ 8- t+1 ], 4[ L2+1) 2\/—2 L\/— 1}
\/5-1-1 b8

=25 Ve 2 2

% i
3. Show that I sin"xdx = J cos” xdx.

0 0

i
Sol. Letl= Isin"xdx

0

Leta= g, f(x)=sin" x = (sin x)"

ro=n=1(5-2)[sn(5 )]

=(cosx)" =cos" x
We know that, Jf(x)dx = If(a —X)dx
0 0

A i
= I sin"xdx = .[ cos"xdx
0

Hence proved.
0

i Jeinx
4.  Evalute ) m
6
Sol. Leta= % — A/sin x

f( )=
q/sin x ++/cos x

Then, a+b—x:£+£—x:(7t j

6 3 2



159

Definite Integrals |

C(m
sin| ——x
[2 ] B \/COS X

\/cosx+\/sinx

(m j (n
sin| ——x|+,[cos| ——x
2 2

f(a+b—x)=f[g— ]:\/

\/sin x
dx.
\/sin x++/cosx

Let I =

S —

We know that [ /(x)dx = [ f(a+b-x)dx

v/sin x
\/sin x ++/cos x

Adding them, we get

\/sin x
\sinx ++/cosx

Jeos x dx
/sin x ++/cos x

dc=1=

Sd=

o2 — s
o2 —— | a

Jecos x i
\/sin x ++/cos x

dx +

I+1=

o2 —— S
o2 —— |3

2= i( Jsin x \Jcosx \dx
NL\/SIHX-F Jeosx \/sinx+\/cost
6

sin x ++/cosx

T[
3

:J dx
E x/sinx+\/cosx
6

6x2 12 g\/sinx+\/cosx 12
6

T T 3 \sin x PR
= X




160

Basic Learning Material - Maths I1(B) |

xsin x

5. Evaluate j —dx.
o 1+sinx
t xsinx
= dx
Sol. Letl _([ T sinx
Leta=m, f(x) = -2
l+sinx

(m — x)sin(w — x)

Then f(a—x)= f(n—x)=

1+ sin(m — x)

_ (m—x)sinx
1+sinx

We know that jf(x)dxzif(a—x)dx

1
) I_J xsinx j(n x)smx
B 1+smx 1+4sinx

1 dx

I-nsinx—xsinx
) 1+sinx

t( msinx  xsinx
I — — - dx
0 l+sinx 1+sinx

_jf Tcsinx J- xsin x
01+sinx 1+s1nx
sin x
J. dx—1
1+sinx

0

R | MYy

» L +sinx
fl+sinx—1
SO L LRSS
, 1+sinx
TETC
I=—
>

[1+sinx 1 )
— ——— dx
l+sinx 1+sinx

njz ]
=— dx
20 1+sinx
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0 0

|t o1
:E '[l'dx_J.lJrsinxdx}

1 1-sinx
X

I
SN
—
=
S
S A
—_—y

T t1—sinx
=5 11:—.[ > dx}

o 1+sinx 1-sinx

i

| cos’x
_n_Z_E“[ 1 sinx
2 2¢\cos’x  cos’x
2 n
:%—Ej(seczx—secxtanx)dx
0
7'[2 T n
:T—E(tanx—secx)o
2
:%—g[(tann—secn)—(tanO—secO)]
o
:7—5[0—(—1)—0“]
T om T’
= (2)=——
I 5 2() 5T
T . 2
J. XSI?X dx:n——n
1+sinx 2

0

4

6.  Evaluate J. xvx? —ldx.

1

4 4 |
Sol. IXVxZ—ldxzj(xz—l)A.xdx

1 1

@] @)=

[f(x)]rH—I
n+1
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S UREATCY

2
7.  Evaluate J. V4—x*dx,

0

2 2
Sol. j\/4—x2 dx = .[\/22 —x*dx (J. P —xtde=2Ja? =¥ +%2sin1 (fn
0 0

2 a

X 4 X
=| =N4-x" +=sin"' =
| 2 2 2}

2

0

_ 5\/4 "4+ 2sin” (%H —[%/4—0 +2sin” o}

=0+ 2sic'(1)-0-0

=2><£=TC.
i
8. Evalute J. sin|x|dx.
s
i 0 7
Sol. - J. sin x| dx = J. sin|x|dx+J.sin|x|dx
_% _% 0
0 7
= [ sinCodre [sinxdy (2 Zoicoml=x 0<x<Eal=]
_T 0

2

0
= J- —sinxdx+(—cosx);%

w2

= [cos x]g% + [— cosg —(—cos 0))

= {cosO—cos[—%ﬂ+(—0+ 1)

=1-0-0+1=2.
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3
2x
dx.
9. Evaluate _! 1+ 52
¢ 2x 3

=| log|l+x’
ol '!1+x2 ds = gt + [ e

=log 10—1log 5

10
=log 5)= log 2.

10. Evaluate j\/2 +2c0s0 do.
0

Sol. I\/Mde = ]E \ /4.coszgd6

0 0

Y

(. (0))
= ;’E2.cos [%} do=|2. SIHEZJJ
2

0

= 4sin9 —| 4sin = —4sin0 |= 4.
2 2

0

T
11. Evaluate J‘sin3 xcos’ x dx.
0

Sol. Letl= J sin® xcos® xdx
0

We have Tf(x)dx:j{f(a—x)dx

T T[
=I= Isin3 xcos’ xdx = Jsin3(1t —x)cos’(m —x)dx
0 0

T
= —I sin’ xcos® xdx = -1
0

LI=—1=21=0=1=0.

T
J.sin3 xcos® xdx=0.
0

(4 2 =g 00|
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2
12 Evaluate [ |- x|dx.
0
2 1 2
Sol. J|1—x|dx:J.|1—x|dx+_[|l—x|dx
0 0 1
1 2
=I(1—X0dx+j(—1+x)dx (v0<x<l=[l-3)=+(1-x), 1<x<2=|l-x|=~(1-x) = (-1 +x))
0 1
()
ISRy +( “_J

oo {223

:l—l—2+2+1—l:1.
2 2

%
13. Evaluate I cosxdx'
o 1+e
A
%
Sol. Letl= [ COSY ix
1+¢€"
A

cos( x)

coSX _ COSX _
= xe
i e’ +1

X

e

1+

e'.cosx
1+¢*

We know that j f(x)dx = j fa+b-x)dx

_ ? COSX ?e COS)C dx
1+“
A %

Adding them, we get
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p A
[+1= J‘ Cosxdx+ I e’ COSX
> 1+e” o
% 1
% . %
—]= (ICOS)§+61.COixjdx= J’ OSX1+€ Cosxdx
+ + +
& e e 3y e’
p . %
1
=21= J. %te)dx= I cos x dx
e
e ¢ e

=2I= (smx)/—sm——sm( gj

—=2I=1-(-1)=2
s

:>I=1:>1=j

1+¢€"
=2 e

COS X dr=1.

Pox
14. Evaluate _([mdx
T ox
- dx —
sl | 7o

:(1.2 x* +l6j
2 0

=(mf

0

— 3R +16-0>+16
=5_4

-1.

1
15. Evaluate J‘x.e*x dx .
0

Sol. j.x.e)62 dx = jexz xdx
0 0

Put—x2=t:>—2xdx=dt:>xdx:_—dt

Upper Limit: x=1=t=-1 and Lower Limit: x=0=t=0
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|
—dx
16. Evaluate _1[ m .

¢ dx (2\/2x—1\5
JI' dx=L—2 )

SOI. m 1
()
=V10-1-v2-1=9 -1
=3-1=2.
4 .x2
17. Evaluatej dx.
1+x

0

Sol. ]‘ X dxzi{(x—l)+%}dx

o 1+x ) +1
g 4
= ——x+log|x+1|
_2 -0

2

= 4?—4+10g|4+1| —(g—0+loglj

=8-4+log5-0
=(4+1log5)

2 2
18. Evaluatej

—-1

T X ° -2
Sol. J’x2+2dx:j(l+x2+2jdx

-1 -1

dx.

xP+2
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2 2
:Il dx—2

-1

4
19, Evaluate [[2—x|dx.
0

-1

<)

Blo e (3)
—3_ ﬁ[tan‘l J2 +tan™ Lj

NG

4 2 4
Sol. I|2—x|dx:I|2—x|dx+J-|2—x|dx
0 0 2

i
20. Evaluate J'

O Ly N

(2—x)dx+}(—2+x)dx

2 72 24
p R ) P
2 i 2

0

=2+ [0+4-2]
=4

T

%

Sol. Letl= j

0

sin’ x
0
sin’ x

sin’

sin’ X +cos’ x

X 4 cos’ X

:'4_3_0}_(—8%}(‘4*9}

We know that jff(x) dx = j‘.f(a —x)dx

I

%

sin’ x

%

sin’ (n — X)
2

I sin’ X 4+ cos” x

0

J
0 sin’ (

)3
——X|+cos’| ——
2 2

dx

%
J

0

cos’ X

cos’ X +sin’ X

dx
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Adding (1) and (2),
% sin” x 7 cos’ X

. sin’ x +cos’ x . cos’ X +sin’ X

% : 5 5
sin” X cos” X
:>2I:j — —t+t—— —— |dx
5 \ SIN” X +C0s” X €os” X +sin” X

% 5 5
Sin” X +Cos™ X
_f[ s xeosx g
0

sin’ X + cos’ x

sin’ x T
sin’ X +cos’ x 4
T
% sin® x —cos” x

21. Evaluate jﬁdx.
» Sin” x+cos” x

% sin® x —cos” x
Sol. Letl= [~———r=dx . 1)
0 SIn” x+COoS™ x

We know that jf(x) dx = if(a —x)dx

A 4 sin (z—xj—cosz(g—x)
J-smx cosxd :I_J- i

X
sin’ x +cos’ x 0 w3 T 3T
sin”| ——x |+COS"| ——X
2 2

T
7 cos’ x—sin’ x
(= feostamsin's )

. cos’x+sin’x T 2)
Adding (1) and (2),
. I+I_J-s1n3x cos’ X J-cos x —sin’ xdx
sin® x + cos’ x cos’ x+sin’ x

0
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T
7 sin’ x—cos’x cos’ x—sin’ x
21= [| == S ldx
sin®x+cos’x  cos’ x+sin’ x

dx

B J- sin® x —cos® x+ cos* x —sin’ x
d sin® x +cos® x

21 :Idezo

%
J‘ 11’1 X — COS XdXZO.
0

Il X-I—COS X

% dx

22. Evaluate '[ .
y 4+5cosx

2dt -7
1+ 1+

Sol. Let tang =t=dx=

T T
Upper Limit : x=0=t=tan 0 =0 and Lower Limit: x:§:>t=tanz:1

2dt
% (14

= | =] ;
04+SCosx 04, 5(1—;}
+

a

£4a+z)+5 £)

1 1

2dt 1

=2 =2 dt
!9—# '([32—t

1
= 2.ﬁ[log
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A
23. Evaluate _[

0

sin x +cos x
—dx
9+16sin2x

%
Sol. '[

0

sin x + cos x
——dx
9+16sin2x

Put sin x — cos x =t = (cos x + sin x) dx = dt

2= (sin x — cos x)> = sin? x + cos? x — 2 sin x COS x
£=1-sin2x
=sin2x= —£+1=1-7

U.L.: x:E:M:sinﬁ—cosﬁzo
4 4 4

LL:x=0=>¢t=sin0-cos0=-1

7

sin x +cosx 8 dt
'[ - dxz'[ 5
9+16sin2x 9+16(-t"+1)

0 -1

_} dt
S 168 +25

50— (4t)
1 5+41|
2097 7|54
4
-1
=—1/logl—log ShiiGd
5-4(-1)
1 1
=—/| 0-log—
1ol 0-1oe3)
el
209
oL lo 9‘1—Llo 9=—1Ilog3’
20 g g g
—L10g3.
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7.
asinx+bcosx
24. Evaluate _[ - dx.
,  Sinx+cosx
2.
asinx+bcosx
Sol. LetI= j : d (1)
,  Sinx+cosx

We know that | /(x)dx = [ f(a-x)dx

. (m T
asm[—x] +bcos(— )
2 2

S —o |3

Sl= dx
(= T
sm(— j+cos(— j
2 2
3 .
I =j“"°sx+b_smxdx ........ )
,  COSX+sinx
Adding (1) and (2), we get
5 5 .
I+I:'[as?nx+bcosxdx+jacosx+b.smxdx
», Sinx+cosx , COSX+sinx

asinx+bcosx+acosx+bsinx

=2I= dx

o t—|a

sin x +cos x

a(sin x + cos x) + b(cos x + sin x) dr

ct—ua

sin x + cos x

(a+b)(sin x + cos x) I

sin x + cos x

o —po |3

T

_ (a+b)f1.dx = (a+b)(x)

T
=(a+b)—
21=(a )2

T
S I=(a+b)—
(a+b)7
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Uy

25. Evaluate j ——dx.
y 1+sinx
Sol. Letl= j ——dx
7 1+sinx

We know that | /(x)dx = [ f(a - x)dx

(m—x)
s I=
Il+sm(n x) '([ +smx
=1 :J( r___ X )dx
o \+sinx  1+sinx

X

:J. - dx—J ——dx
o L+sinx » 1 +sinx

I dx—1
7 1+sinx
.'.I+I:n.|. ! xl_smxdx

01+sinx 1-sinx

¢ l1—sinx t1—sinx
:>21:TCJ.—2d ZTCJ. 2
0l—sm X , COS” X

™ 1 .
Lmj( s,
24\cos"x cos’x

T
= EI (sec® x—sec x tan x) dx
0

7T n
= —[tanx—secx]0

= g[(tan n—sec)—(tan0—sec0)]

:g[O—(—l)—0+l]:§x2:n

rox
I —dx =T.
01+s1nx
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1
26. Evaluate j M
0 1+ x
Sol. j M
1+ x2

0

Put x=tan0 = dx =sec’0d0 = 1+ x* =1+ tan’ O = sec’ O

Upper Limit : x=1:>tan9:1:>9:%, Lower Limit: x=0=>tan0=0=0=0

4

J-log(l+x) J- og(l+tan9) sec’ 040

1+ x?

0 0

log (1+tan 0) d0

O‘—-ﬁ

7
LetT = | log(1+tan®)d0

0

We know that [ /(x)dx = [ f(a-x)dx

1= ?log{l+tan(g— ﬂd@

%
J- 1 tan@}de
0

log| 1+
g 1+tan©

1+tan©

A
:jlog[ 2 )de
0 1+tan©

[log2 —log(1+tan6)]d0

_(1+tan6)+(l—tanE))}de

% %
= [ 1og2d0- [ log(1+tan )0
0



174 Basic Learning Material - Maths II(B)|

%
I :log2J.1.d9—I

0

= I+1=log2.(6)* = log2[§) 0
T

= 2I=—log2
S log

T
= 1=—log?2
3 g

t xsinx
27. Evaluate j—zdx.
01+cos X

Sol.  We know that [ f(x)dx = [ f(a—x)dx

¢ xsinx
Letl= J—zdx
7 1+cos” x

t (m—x)sin(n — x) _j(n x)smx

=1=
'([ 1+ cos’(m —x) 1+cos’ x

,I_ansinx—xsinx J- msin x I- xsin x J
" l+cos’x * 1+ cos’ x + 1+ cos” x

T

TEJ‘ sin x _1

01+cos x

. )
sin x
I+I:n_[—2dx
01+cos X

Put cosx =t = sinxdx = —dt
Upper Limit: x=n=t=cosnt=-1, Lower Limit: x=0=¢=cos0=1

-1
—ol=n| 4
1+t
-1
1
S >
29 1+1

T IR L U DO NP
—E[tan 1), = 2[tan (=1)—tan" (1)]
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A
28. Evaluate jlog(1+tanx)dx.

0

i
Sol. LetI= J. log(1+tanx)dx

0

We know that Ja-f(x)dej{f(a—x)dx

s I= ?log{l+tan[%— ﬂdx

0

BT 1—tanx
= _[log 1+ dx
1+tanx

[1+tanx+1—tanx
dx
1+tan x

-
:Ilog dx
9 1+tanx

% % %
= (log2—log(1+ tanx))dx = _[ log2dx — j log(1+ tan x)dx
0 0

s I=|log2dx—1

(=}

A
= I+1=(log2) [ 1.dx
0

= 21=(log 2)[x]ZA
T T
21=1Io 2(——Oj=—lo 2
g 4 4 g
T

4x2
A

= J. log(1+tanx)dx = %logZ
0

s=

log?2
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| Differential Equations l

Definition: An equationinvolving one dependent variable and its derivatives with respect to one

independent variable is called as Ordinary Differential Equation.

d
Ex: —y+5x =COSX
dx

ayY (@Y
£ —3(—yj —e' =4
dx dx

Definition: If a D.E. contains one dependent variable and more than one independent variables,
thenitis called as Partial D.E.

0z Oz R0 N 0’® N R

Al e =0
Ex: x. . +y o z, P 8y2 P
where, z= f(x,y) where, o = f(x, y,z)
We learn about Ordinary D.E.

Definition: The order ofa D.E is the order of the highest order derivative occuring in it.
Definition: The degree of a D.E is the largest exponent of the highest order derivative occuring in it
after the equation has been expressed in a form of a polynomial equation in derivatives.

(The exponent of x and y need not be an integer)

d_y_ x1/2
1. dx y1/2 (1+x1/2)

order=1, degree=1

d2y dy 2 5/3
=1+ —
2. dx’ (dxj
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-]

order=2, degree =3

d2 2 J 2 13/2
3. 1+ )2/ = 2+(—yJ
dx dx
_ e ,3
=1+ d); = 2+(ﬂj
dx dx
order=2, degree=4

2
4. d_y+2d_y+y:10g(d_yj

dx? dx dx

Order is 2 and Degree is not defined since the equation cannot be expressed as a polynomial

equation in the derivatives.

d2
5, dx); =—p’y

order =2, degree = 1

&yY  (dyY
6. —)3/ —3(—)}) —e' =4
dx dx

order=3, degree=2

dzy dy 3 6/5
(A e +(E) =6y

d’y dyjs :
CXE ~(6
= dx’ +(dx ( y)6

order=2, degree=1

2
°o*

The general form of an ordinary differential equation of i order is

2 n
F(x,y,ﬂ,d—y ..... ,dy]:O

dx"

Solution of a D.E: Asolution ofaD.E isarelation between dependent variable, independent variables

and along with some arbitrary constants satisfying the D.E.
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General Solution : A solution of a D.E in which the number of arbitrary constants is equal to the order

ofthe D.E is called the general solution.

Particular Solution : A particular solution ofa D.E is a solution obtained by giving particular values to

the arbitrary constants in the general solution.

Very Short Answer Type Questions:

1.

sol:

Sol:

Sol:

Form the D.E corresponding to y = cx —2¢”, where ¢ is a parameter.
Given: y = cx — 24 (1)

It has only one arbitrary constant

So differentiating once with respect to x, we get

dy
= —¢(1)-0
So=c(l)

d
Substituting ¢ = d—i: in equation (1), ‘c’ gets eliminated

Th ired D.E 1 —ﬂx—2d—y2
.. Therequired D.E1s ¥ dx i

FormaD.E corresponding to y = A cos3x + Bsin3x where A,B are parameters.
Given: y = Acos3x+Bsin3x (1)
Since there are two arbitrary constants or parameters,

differentiating two times successively with respect to x, we get

d_y =-3A4sin3x+3Bcos3x
dx
2
d_{ = i(ﬂ) =-9A4cos3x—9Bsin3x
dx dx\ dx
= —9( A cos3x+ Bsin3x)
=9y [ from(1)]
d’y
" I =-9y istherequired D.E, where A and B are eleminated
X
'y
+9y=0
dx? Y

Find the order of the D.E. obtained by eliminating the arbitrary constants b and ¢ from the
equation xy = ce* +be " +x°
There are two arbitrary constants b and c in the equation

xy=ce' +be” +x° ... (1)
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Sol.:

So differentiating twice successively w.r.t. x, we get

dy

—+yl=ce’ +be " (-1)+2x
dx

X .

2
)CQWL@.IJrﬂzce’r +be " +2

dx*  dx dx
2
:xd—{+ﬂ+d—y=(ce"+be_")+2
dx~ dx dx
=(xy—x>)+2 [ from (1)]
2
:x.%+2%:xy—x2+2 isthe D.E.
x X
.. Order =2.

Find the order of the D.E. of the family of all circles with their centres at the origin.
The general equation of the circle with centre (0, 0) is

XAV =rt (1)

r2is the arbitrary constant.

So, differentiating equation (1) only once, we get

2x+2y%20:>x+yﬂ20

x dx
.. Order=1.

Form the D.E. of the following family of curves where parameters are given in brackets.
(1) y=c(x—c)* o (1)

differentiating once w.r.t. x we get

% =c2(x—c) ... (2)

@ y _clx=c)

- = —
Now %) (dy) c2(x—c)
dx
y x-c
- — =
dy 2
dx
2y_
:>d—y—x
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(ii)
Sol.

(1)
Sol:

Substituting C value in (1) we get,

() ()

-

dy
=2
_ * dx Y 4-)’2
y= d x 2
ay dy
dx dx

xy = ae” +be™*, a, b are parameters

xy=ae +be™ L (D)
Since there are two parameters, differentiating equation (1) twice sucessively w.r.t.x, we get
d
P yv.l=ae +be™”
dx
dy _
=>x.——+y=ae —be" . 2
dx 4 2)

Againdifferentiating w.r.t. ‘x’, we get

2
d—y+d—y.1+d—y

X. =ae' +be " =x i 1
dx*  dx dx v [ from(D)]
d’ d
X. 7 i} + 2.d—y —xy = 0 isthe required differentiating equation
X X

y=acos(nx+b), a, b are parameters
y =acos(nx+b)
Since there are two parameters, differentiating (1), twice sucessively w.r.t.x, we get

dy .
— = —qgsin(nx +b) x
. asin(nx+byxn (1)

Basic Learning Material - Maths 11(B)
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= j—y = —ansin(nx +b)

X
Again differentiating w.r.t.x.
d’y
=—ancos(nx+b)xn
1 ( )
=—an’ cos(nx +b)
=-n’ [a cos(nx + b)]
=-n’y [ from(1)]
d’y
= e =-n’y isthe required differential equation
X

Solving Differential Equations:

Methods to solve first order, first degree D.E.

. d
The general first order, first degree D.E. contains the terms of d—i: ,xand y.

. d . .
So it is of the form, > = F(x,y) where F is a function of x and y.

> dx
Variables Separable Method:

Ifthe given D.E. can be written in the form of f'(x).dx + g(y).dy = 0, then its solution can be
obtained by integrating each term. This method of solving the D.E. is called variables separable method.

Long Answer Type Questions

1. Solve:x+yQ:O

dx

Sol. GivenD.Eis, x + yd—y =0

X

jyﬂz—x

dx
= ydy = —xdx
Integrating on both sides,we get

I ydy = ~[—xdx

= x* +y* =2c, istherequired solution

Note: Afterintegrationonbothsides, write
the constant of integration, C, on

any one side.
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Sol.

Sol.

Y _ xey
Sol =e
olve -

Given D.E: d_y =
dx

d
= @_ e'e’

dx

= & =e"dx
ey

=e’dy=e"dx
Integrating on both sides, we get

je’ydy = Ie"dx

=>-e’=e"+c

= e" +e’ +c=0 isthe required solution

Sol dy y +2y
olve —=———
dx x—1
d 242
leenDEls—y=y 4
dx x—1
N 2dy _ dx
y+2y x-1
e
vy +2y Jx-1

1
= dy=log|x—1|+c

= [————dy =log|x~1]|+c
(y+1
1 y+1-

= lo log|x—1|+logc
2() g\y " 1| gl |+log

Y
:>10g|m|: 2log‘(x—1)><c‘

= log

= log((x —1)x 0)2

+
:>logyi2 =log(x—1)2><c
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Sol.

Sol.

Y 2 2
L -1
:>y 5 c’(x-1)

= y=c’(y+2)(x— 1)2 , is the required solution.

Solve y(I+x)dx+x(1+y)dy=0
y(1+x)dx+x(1+y)dy:O
:y(l+x)dx:—x(1+y)dy

y(1+x) _dy
—x(l+y) dx

Integrating on both sides, we get

J- l+x J‘1+y

= (x el
At

= —[logx+x]=[logy+y]+c

= —logx—x=logy+y+c

= x+ y+logx+log y+c=0,is the required solution

Solve f14+x2 Jfl+y*dx + xy dy =0

= xydy =— 1+ x> 1+ dx

vdy \/1+x dx
\/l+y X

Integrating on both sides, we get

:J.\/g Ide _(1)
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LH.S
J ydy
\/1+y2
=l 2—ydy { j f1(x) dx =27 ()
2° 1+ NITE)

V1+x?
RHS = I T dx [ - Put 1+x° =" =>t=+1+x
=x=t-1=>x=+t" -1

tdt
= Qxdx =2tdt = dx=—

_J’t tdt X
-1 dx tdt tdt

:}—:—:—2
t2 X X.X X

| dx  tdt

7:#—1]

2.1 gt+1
_J-\/l+x2 dy — llog 1+x* =1 te
x VI+x* +1

Substituting LHS, RHS in (1), we get

1+y* = {\/sz +%log

1+x* =1

VI+x? +1

]+c

Basic Learning Material - Maths 11(B)
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Sol.

Sol.

VI+x* -1
VI+x? +1

:>\/1+y2 142 +%log

2
1 X 1+x2—1)
:>\/1+y2+\/1+x2+—log —J =c R WO/ s G s
2 VI+x" +1 I+ 41 l+2 +1 ( 1+x2+1)
= 1+ +/1+x +log| —2— | =¢ :7,—)622 N}
iy g[\/l+x2+lj (Meamt] “(e )

:>\/1+y2+\/1+x2+logx—log(\/l+x2+1)=c - -

Solve \1—x*dy ++/1-y*dx =0

Given \1-x*dy++/1-y*dx =0

= AV1-x"dy =—J1-y’dx
dy —dx

\/l—y2 :\/l—xz

Integrating on both sides, we get

=

1 1
L NS S S
=sin”' y=—sin" x+c¢

= sin”' x+sin”' y =c¢ 1is the required solution.

Sol dy 1+y2
olve —=—=—
dx  1+x°
d_y_1+y2
dc  1+x°

dy  dx

1+y>  1+x°

Integrating on both sides, we get

d d
:jl_,_J;Z j -

1+ x?

Tan™'y =Tan 'x+c , is the required solution.
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Sol.  —=¢""

=e’dy=e"dx
Integrating on both sides, we get
:>Ieﬂdy:je”dx

e’ e*

—=—xc
o

=e” =e " +c, is the solution.
9. Solve (ex+1)ydy+(y+l)dx20
Sol.  Given (ex + 1)ydy+(y+1)dx =0

:>(e" +1)ydy=—(y+l)dx

Yy _ —dx
y+1l e +1

Integrating on both sides, we will get

:jydy

v+l Sl e

4
[——a
LH.S: Iy+l ly

y+l 1
_I y+1

il lsme-tre-i()e

=y-log|y+1]




Differential Equations 187
dx
RHS: J. B Put e' =t= e'dx=dt de:ﬂzﬂ.
e +1 ex t
o oat
t(it+1)

= log|t| - 10g|t + 1|

J.exdil zlog‘ex‘—log

substituting LHS, RHS in (1) we get the required solution as

e"+1‘+logc

y—log|y+l|= —log‘e"‘+log ex+1‘+logc

= y=log(y+1)—loge" +log(e" +1)+logc

e

v _ (y+D(e"+1).c

X

e

—

=e =c(y+D)(1+e™)
Problems for Practice:

d . 3
1. Solve: = =€ +x’¢” Ans € =+ ic
dx 3
2. Solve: tany dx+tanx dy =0 Ans:  sinx.siny=c

10. Solve \1+x%dx++/1+y*dy =0

Sol. = 1+x*dx=—1+y’dy
Integrating on both sides, we get

J.\/1+x2dx:—.|.«/1+y2dy
:>§ 1+ x? +%Sinh_](x)=—|:§m%sinh—l y}+c

= x/l+x° +y\/1+y2 +sinh™ x+sinh™ y =2¢
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11.

Sol.

12.

Sol.

dy xy+y
Solve - =—
dx xy+x

dy _xy+y
dx xy+x

_ & _y&+D
dx x(y+1)
&_ y x+l
de y+1 x
y+1 x+1

=>—dy=—-—dx
y X

:(Z+1de=(£+ljdx
y oy X X

:>(l+ljdy:(l+ljdx
y X

Integrating on both sides
1 1
:>I 1+— dy:_[ 1+—|dx
y X
= y+ 10g| y| =x+ log|x| +c, is the required solution.
Solve D.E. i b - x 1
olve D.E. 1s e y (1)
Put y—x= t*
differentiating w.r.t x
d_y —1= 2;&
dx dx
= i =1+ 2tﬂ
dx dx
Subsituting in (1), we get
1+ 2tﬂ =t
dx
di_1-1
dx 2t
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Integrating on both sides, we get

Itdl_J-d

t—1+1
2-[ 1 dt = x

2](%+$} dt=x
2[(1——] dt = x

2[t+log|t—1|]:x+c

2[Jy:+logm—l}=x+c

is the required solution of the given D.E.

Problems for Practice

13.

Sol.

d N
1. Solve: d—y+1=€xy

X

d
Solve LA Bx+y+4)’
dx

d
GWaﬂDEjs;§=Bx+y+®z

put 3x+y+4=t¢

differentiating w.r.t ‘x’, we get

d
31+ Zr0==

dx dx

dx dx

:>dy dt

Subsituting in (1), we get

# 3oy
dx

SNCUI
dx

= dt = (> +3)dx.

Ans: o) 4 x4 =0

[Hint: put x+y=¢]
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zdt =dx.
" +3
Integrating on both sides, we get

J- zdt :J.dx
t"+3
1
:jﬁ+ﬁﬁf
:Ltan_l(Lj=x+c
V3 V3

3x+y+4

:%tan_l( i

m:ja

j =x+c, 1s the required solution of the given D.E.

d
14. Solve —y—xtan(y—x) =1
dx

Sol:  Put =t thtd—y—l—ﬂ
ol: ut y—x=t so tha I I

Therefore, the given equation becomes

1+£—xtant=l
dx

ﬂ =xtant
(or) dx .

Therefoe, cot ¢ df = x.dx so that Jcot tdt = I x dx.

. x’
Hence, log|sint |:?+c

2
i.e. log |sin( V- x)| = % + ¢, which is the required solution.

[ d
15. Solve sin™' (—yJ =xt)y
dx

. dy
Sol.  Given D.E. is SIn (d_j =Xty
x
dy .
= < =sin(x+ 1
e (x+y) (D

Put x+y=t¢
differentiating w.r.t to x’
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16.

Sol.

1+Q=dt

dx dx
:Q:dt

dx dx
Substituting in (1), we get

dt )
——1=sint¢
dx

dt )
= —=1+sIint¢
dx

= dt =(1+sint)dx

dt
1+sint
Integrating on both sides, we get

dt
J.1+sint =Idx

= [ - fan
1+sin¢ 1-sint¢

=dx

=] 11—_ ssiinnztt =[x
= [ I;jslftt dt = [ dx

1 sint
= - dt = |dx
J‘(cosz t cos’ tj -[

= j(seczt—tantsect) dt = Idx

= J-secz t.dt—_[tantsectdt :Idx

= tanf—sect=x+c

= tan(x + y) —sec(x+ y) = x+ ¢, is the required solution of the given D.E.

d
Solve : 2 tan? (x+y)
dx

d
Given D.E. is d—i — tan>(x+ )

Put xX+y=t
differentiating w.r.t to %x’, we get
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1+ il = a
dx dx
Y _d_
dx dx
Substituting in (1), we get
ﬂ—l =tan’ ¢
dx

dt )
=—=1+tan"¢
dx

dt )
= —=sec ¢
X
= dt =sec’ t.dx

dt
> =dx
sec” ¢t

= cos’t dt =dx
Integrating on both sides, we get

Icosztdt=jdx

:>J-1+Cos2t " :jdx

:>%J.(l+c052t) dt = [ dx

1 sin 2¢
= t+ =x+c
2 2

sin 2¢
+
> 2 _xic
2

1 .
:>t+§sm2t:2x+2c, putlf=x+ty

:x—y—%sinZ(x+y)+c:O
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